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Abstract
Under some plausible assumptions, we find that the dual formu-
lation of linearized gravity in D = 5 can be nontrivially coupled to
the topological BF model in such a way that the interacting theory
exhibits a deformed gauge algebra and some deformed, on-shell re-
ducibility relations. Moreover, the tensor field with the mixed sym-
metry (2, 1) gains some shift gauge transformations with parameters
from the BF sector.
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Keywords: consistent interactions, linearized gravity, topological
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1 Introduction
Topological field theories [1, 2] are important in view of the fact that certain
interacting, non-Abelian versions are related to a Poisson structure algebra [3]
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present in various versions of Poisson sigma models [4]–[10], which are known
to be useful at the study of two-dimensional gravity [11]–[20] (for a detailed
approach, see [21]). It is well known that pure three-dimensional gravity
is just a BF theory. Moreover, in higher dimensions general relativity and
supergravity in Ashtekar formalism may also be formulated as topological
BF theories with some extra constraints [22]–[25]. In view of these results,
it is important to know the self-interactions in BF theories as well as the
couplings between BF models and other theories. This problem has been
considered in literature in relation with self-interactions in various classes of
BF models [26]–[33] and couplings to other (matter or gauge) fields [34]–[38]
by using the powerful BRST cohomological reformulation of the problem of
constructing consistent interactions within the Lagrangian [39, 40] or the
Hamiltonian [41] setting, based on the computation of local BRST cohomol-
ogy [42]–[44]. Other aspects concerning interacting, topological BF models
can be found in [45] and [46].
On the other hand, tensor fields in “exotic” representations of the Lorentz
group, characterized by a mixed Young symmetry type [47]–[53], held the at-
tention lately on some important issues, like the dual formulation of field
theories of spin two or higher [54]–[61], the impossibility of consistent cross-
interactions in the dual formulation of linearized gravity [62], a Lagrangian
first-order approach [63, 64] to some classes of massless or partially mas-
sive mixed symmetry type tensor gauge fields, suggestively resembling to the
tetrad formalism of General Relativity, or the derivation of some exotic grav-
itational interactions [65, 66]. An important matter related to mixed sym-
metry type tensor fields is the study of their consistent interactions, among
themselves as well as with other gauge theories [67]–[80].
The purpose of this paper is to investigate the consistent interactions in
D = 5 between a massless tensor gauge field with the mixed symmetry of
a two-column Young diagram of the type (2, 1) and an Abelian BF model
with a maximal field spectrum (a scalar field, two sorts of one-forms, two
types of two-forms and a three-form). It is worth mentioning the duality
of a free massless tensor gauge field with the mixed symmetry (2, 1) to the
Pauli–Fierz theory in D = 5 dimensions. In view of this feature, we can state
that our paper searches the consistent couplings in D = 5 between the dual
formulation of linearized gravity and a topological BF model. Our analysis
relies on the deformation of the solution to the master equation by means of
cohomological techniques with the help of the local BRST cohomology. We
mention that the self-interactions in the (2, 1) sector have been investigated
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in [62] and the couplings in D = 5 that can be added to an Abelian BF
model with a maximal field spectrum have been constructed in [32].
Under the hypotheses of analyticity in the coupling constant, spacetime
locality, Lorentz covariance, and Poincare´ invariance of the deformations,
combined with the preservation of the number of derivatives on each field,
we find a deformation of the solution to the master equation that provides
nontrivial cross-couplings. The emerging Lagrangian action contains mixing-
component terms of order one in the coupling constant that couple the mass-
less tensor field with the mixed symmetry (2, 1) mainly to one of the two-
forms and to the three-form from the BF sector. Also, it is interesting to
note the appearance of some self-interactions in the BF sector at order two
in the coupling constant that are strictly due to the presence of the tensor
field with the mixed symmetry (2, 1) (they all vanish in its absence). The
gauge transformations of all fields are deformed and, in addition, some of
them include gauge parameters from the complementary sector. This is the
first known case where the gauge transformations of the tensor field with the
mixed symmetry (2, 1) do change with respect to the free ones (by shifts in
some of the BF gauge parameters). The gauge algebra and the reducibility
structure of the coupled model are strongly modified during the deformation
procedure, becoming open and respectively on-shell, by contrast to the free
theory, whose gauge algebra is Abelian and the reducibility relations hold
off-shell. Our result is important because dual formulations of linearized
gravity have proved to be extremely rigid in allowing consistent interactions
to themselves as well as to many matter or gauge theories. Actually, we
think that this is the first time when a massless tensor field with the mixed
symmetry (k, 1) allows consistent interactions that fulfill all the working hy-
potheses precisely in the dimension D = k + 3 where it becomes dual to the
Pauli–Fierz theory.
2 The free theory: Lagrangian, gauge sym-
metries and BRST differential
The starting point is a free theory in D = 5, whose Lagrangian action is
written as the sum between the Lagrangian action of an Abelian BF model
with a maximal field spectrum (a single scalar field ϕ, two types of one-forms
Hµ and Vµ, two kinds of two-forms B
µν and φµν , and one three-form K
µνρ)
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and the Lagrangian action of a free, massless tensor field with the mixed
symmetry (2, 1) tµν|α (meaning it is antisymmetric in its first two indices
tµν|α = −tνµ|α and fulfills the identity t[µν|α] ≡ 0)
SL0 [Φ
α0 ] =
∫
d5x
[
Hµ∂µϕ+
1
2
Bµν∂[µVν] +
1
3
Kµνρ∂[µφνρ]
− 1
12
(
Fµνρ|αF
µνρ|α − 3FµνF
µν
)]
≡
∫
d5x
(
LBF0 + L
t
0
)
, (1)
where we used the notations
Φα0 =
(
ϕ,Hµ, Vµ, B
µν , φµν , K
µνρ, tµν|α
)
, (2)
Fµνρ|α = ∂[µtνρ]|α, Fµν = σ
ραFµνρ|α. (3)
Everywhere in this paper the notations [µν . . . ρ] and (µν . . . ρ) signify com-
plete antisymmetry and respectively complete symmetry with respect to the
(Lorentz) indices between brackets, with the conventions that the minimum
number of terms is always used and the result is never divided by the num-
ber of terms. It is convenient to work with the Minkowski metric tensor of
‘mostly plus’ signature σµν = σ
µν = diag (−++++) and with the five-
dimensional Levi–Civita symbol εµνρλσ defined according to the convention
ε01234 = −ε01234 = −1.
Action (1) is found invariant under the gauge transformations
δΩϕ = 0, δΩH
µ = 2∂νǫ
µν , (4)
δΩVµ = ∂µǫ, δΩB
µν = −3∂ρǫ
µνρ, (5)
δΩφµν = ∂[µξν], δΩK
µνρ = 4∂λξ
µνρλ, (6)
δΩtµν|α = ∂[µθν]α + ∂[µχν]α − 2∂αχµν , (7)
where all the gauge parameters are bosonic, with ǫµν , ǫµνρ, ξµνρλ, and χµν
completely antisymmetric and θµν symmetric. By Ω we denoted collectively
all the gauge parameters as
Ωα1 ≡
(
ǫµν , ǫ, ǫµνρ, ξµ, ξ
µνρλ, θµν , χµν
)
. (8)
The gauge transformations given by (4)–(7) are off-shell reducible of order
three (the reducibility relations hold everywhere in the space of field history,
and not only on the stationary surface of field equations). This means that:
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1. there exist some transformations of the gauge parameters (8)
Ωα1 → Ωα1 = Ωα1
(
Ω¯α2
)
, (9)
such that the gauge transformations of all fields vanish strongly (first-
order reducibility relations)
δΩ(Ω¯)Φ
α0 = 0; (10)
2. there exist some transformations of the first-order reducibility param-
eters Ω¯α2
Ω¯α2 → Ω¯α2 = Ω¯α2
(
Ωˇα3
)
, (11)
such that the gauge parameters vanish strongly (second-order reducibil-
ity relations)
Ωα1
(
Ω¯α2
(
Ωˇα3
))
= 0; (12)
3. there exist some transformations of the second-order reducibility pa-
rameters Ωˇα3
Ωˇα3 → Ωˇα3 = Ωˇα3
(
Ωˆα4
)
, (13)
such that the first-order reducibility parameters vanish strongly (third-
order reducibility relations)
Ω¯α2
(
Ωˇα3
(
Ωˆα4
))
= 0; (14)
4. there is no nontrivial transformation of the third-order reducibility pa-
rameters Ωˆα4 that annihilates all the second-order reducibility param-
eters
Ωˇα3
(
Ωˆα4
)
= 0⇔ Ωˆα4 = 0. (15)
This is indeed the case for the model under study. In this situation a complete
set of first-order reducibility parameters Ω¯α2 is given by
Ω¯α2 ≡
(
ǫ¯µνρ, ǫ¯µνρλ, ξ¯, ξ¯µνρλσ, θ¯µ
)
, (16)
and transformations (9) have the form
ǫµν
(
Ω¯α2
)
= −3∂ρǫ¯
µνρ, ǫ
(
Ω¯α2
)
= 0, ǫµνρ
(
Ω¯α2
)
= 4∂λǫ¯
µνρλ, (17)
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ξµ
(
Ω¯α2
)
= ∂µξ¯, ξ
µνρλ
(
Ω¯α2
)
= −5∂σ ξ¯
µνρλσ, (18)
θµν
(
Ω¯α2
)
= 3∂(µθ¯ν), χµν
(
Ω¯α2
)
= ∂[µθ¯ν], (19)
with ǫ¯µνρ, ǫ¯µνρλ, and ξ¯µνρλσ completely antisymmetric. Further, a complete
set of second-order reducibility parameters Ωˇα3 can be taken as
Ωˇα3 ≡
(
ǫˇµνρλ, ǫˇµνρλσ
)
, (20)
and transformations (11) are
ǫ¯µνρ
(
Ωˇα3
)
= 4∂λǫˇ
µνρλ, ǫ¯µνρλ
(
Ωˇα3
)
= −5∂σ ǫˇ
µνρλσ, (21)
ξ¯
(
Ωˇα3
)
= 0, ξ¯µνρλσ
(
Ωˇα3
)
= 0, θ¯µ
(
Ωˇα3
)
= 0, (22)
where both ǫˇµνρλ and ǫˇµνρλσ are some arbitrary, bosonic, completely antisym-
metric tensors. Next, a complete set of third-order reducibility parameters
Ωˆα4 is represented by
Ωˆα4 ≡
(
ǫˆµνρλσ
)
, (23)
and transformations (13) can be chosen of the form
ǫˇµνρλ
(
Ωˆα4
)
= −5∂σ ǫˆ
µνρλσ, ǫˇµνρλσ
(
Ωˆα4
)
= 0, (24)
with ǫˆµνρλσ an arbitrary, completely antisymmetric tensor. Finally, it is easy
to check (15). Indeed, we work in D = 5, such that ∂σ ǫˆ
µνρλσ = 0 implies
ǫˆµνρλσ = const..Since ǫˆµνρλσ are arbitrary smooth functions that effectively
depend on the spacetime coordinates, it follows that the only possible choice
is ǫˆµνρλσ = 0.
We observe that the free theory under study is a usual linear gauge the-
ory (its field equations are linear in the fields), whose generating set of gauge
transformations is third-order reducible, such that we can define in a consis-
tent manner its Cauchy order, which is found to be equal to five.
In order to construct the BRST symmetry of this free theory, we introduce
the field/ghost and antifield spectra (2) and
ηα1 =
(
Cµν , η, ηµνρ, Cµ,G
µνρλ, Sµν , Aµν
)
, (25)
ηα2 =
(
Cµνρ, ηµνρλ, C,Gµνρλσ, Sµ
)
, (26)
ηα3 =
(
Cµνρλ, ηµνρλσ
)
, ηα4 =
(
Cµνρλσ
)
, (27)
Φ∗α0 =
(
ϕ∗, H∗µ, V
∗µ, B∗µν , φ
∗µν , K∗µνρ, t
∗µν|α
)
, (28)
6
η∗α1 =
(
C∗µν , η
∗, η∗µνρ, C
∗µ,G∗µνρλ, S
∗µν , A∗µν
)
, (29)
η∗α2 =
(
C∗µνρ, η
∗
µνρλ, C
∗,G∗µνρλσ, S
∗µ
)
, (30)
η∗α3 =
(
C∗µνρλ, η
∗
µνρλσ
)
, η∗α4 =
(
C∗µνρλσ
)
. (31)
The fermionic ghosts (25) correspond to the bosonic gauge parameters (8),
and therefore Cµν , ηµνρ, Gµνρλ, and Aµν are completely antisymmetric and
Sµν is symmetric. The bosonic ghosts for ghosts (26) are respectively as-
sociated with the first-order reducibility parameters (16), such that Cµνρ,
ηµνρλ, and Gµνρλσ are completely antisymmetric. Along the same line, the
fermionic ghosts for ghosts for ghosts ηα3 from (27) correspond to the second-
order reducibility parameters (20). As a consequence, the ghost fields Cµνρλ
and ηµνρλσ are again completely antisymmetric. Finally, the bosonic ghosts
for ghosts for ghosts for ghosts ηα4 from (27) are associated with the third-
order reducibility parameters (23), so Cµνρλσ is also completely antisym-
metric. The star variables represent the antifields of the corresponding
fields/ghosts. Their Grassmann parities are obtained via the usual rule
ε (χ∗∆) =
(
ε
(
χ∆
)
+ 1
)
mod2, where we employed the notations
χ∆ = (Φα0 , ηα1 , ηα2, ηα3, ηα4) , χ∗∆ =
(
Φ∗α0 , η
∗
α1
, η∗α2 , η
∗
α3
, η∗α4
)
. (32)
It is understood that the antifields are endowed with the same symme-
try/antisymmetry properties like those of the corresponding fields/ghosts.
Since both the gauge generators and the reducibility functions are field-
independent, it follows that the BRST differential reduces to s = δ + γ,
where δ is the Koszul–Tate differential, and γ means the exterior longitudinal
derivative. The Koszul–Tate differential is graded in terms of the antighost
number (agh, agh (δ) = −1, agh (γ) = 0) and enforces a resolution of the
algebra of smooth functions defined on the stationary surface of field equa-
tions for action (1), C∞ (Σ), Σ : δSL0 /δΦ
α0 = 0. The exterior longitudinal
derivative is graded in terms of the pure ghost number (pgh, pgh (γ) = 1,
pgh (δ) = 0) and is correlated with the original gauge symmetry via its coho-
mology in pure ghost number zero computed in C∞ (Σ), which is isomorphic
to the algebra of physical observables for this free theory. These two degrees
of generators (2) and (25)–(31) from the BRST complex are valued like
pgh (Φα0) = 0, pgh (ηαm) = m, pgh
(
Φ∗α0
)
= pgh
(
η∗αm
)
= 0, (33)
agh (Φα0) = agh (ηαm) = 0, agh
(
Φ∗α0
)
= 1, agh
(
η∗αm
)
= m+ 1,
(34)
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for m = 1, 4. The actions of the differentials δ and γ on the above generators
read as (
δΦα0 = 0, δηαm = 0, m = 1, 4
)
⇐⇒ δχ∆ = 0, (35)
δϕ∗ = ∂µH
µ, δH∗µ = −∂µϕ, δV
∗µ = −∂νB
µν , (36)
δB∗µν = −
1
2
∂[µVν], δφ
∗µν = ∂ρK
µνρ, δK∗µνρ = −
1
3
∂[µφνρ], (37)
δt∗µν|α = −1
2
∂ρ
(
F ρµν|α − σα[µF νρ]
)
, δC∗µν = ∂[µH
∗
ν], (38)
δη∗ = −∂µV
∗µ, δη∗µνρ = ∂[µB
∗
νρ], δC
∗µ = 2∂νφ
∗µν , (39)
δG∗µνρλ = ∂[µK
∗
νρλ], δS
∗µν = −∂ρt
∗ρ(µ|ν), δA∗µν = 3∂ρt
∗µν|ρ, (40)
δC∗µνρ = −∂[µC
∗
νρ], δη
∗
µνρλ = −∂[µη
∗
νρλ], δC
∗ = ∂µC
∗µ, (41)
δG∗µνρλσ = −∂[µG
∗
νρλσ], δS
∗µ = 2∂ρ (3S
∗ρµ + A∗ρµ) ≡ 2∂ρC
∗ρµ, (42)
δC∗µνρλ = ∂[µC
∗
νρλ], δη
∗
µνρλσ = ∂[µη
∗
νρλσ], δC
∗
µνρλσ = −∂[µC
∗
νρλσ], (43)
and respectively(
γΦ∗α0 = 0, γη
∗
αm
= 0, m = 1, 4
)
⇐⇒ γχ∗∆ = 0, (44)
γϕ = 0, γHµ = 2∂νC
µν , γVµ = ∂µη, (45)
γBµν = −3∂ρη
µνρ, γφµν = ∂[µCν], γK
µνρ = 4∂λG
µνρλ, (46)
γtµν|α = ∂[µSν]α + ∂[µAν]α − 2∂αAµν , γC
µν = −3∂ρC
µνρ, (47)
γη = 0, γηµνρ = 4∂λη
µνρλ, γCµ = ∂µC, (48)
γGµνρλ = −5∂σG
µνρλσ, γSµν = 3∂(µSν), γAµν = ∂[µSν], (49)
γCµνρ = 4∂λC
µνρλ, γηµνρλ = −5∂ση
µνρλσ, γC = 0, (50)
γGµνρλσ = 0, γSµ = 0, γC
µνρλ = −5∂σC
µνρλσ, (51)
γηµνρλσ = 0, γCµνρλσ = 0. (52)
The overall degree that grades the BRST complex is named ghost number
(gh) and is defined like the difference between the pure ghost number and
the antighost number, such that gh (δ) = gh (γ) = gh (s) = 1.
The BRST symmetry admits a canonical action s· =
(
·, S¯
)
, where its
canonical generator (gh
(
S¯
)
= 0, ε
(
S¯
)
= 0) satisfies the classical master
equation
(
S¯, S¯
)
= 0. The symbol (, ) denotes the antibracket, defined by de-
creeing the fields/ghosts conjugated with the corresponding antifields. In the
case of the free theory under discussion the solution to the master equation
takes the form
S¯ = SL0 +
∫
d5x
[
2H∗µ∂νC
µν + V ∗µ∂µη − 3B
∗
µν∂ρη
µνρ + φ∗µν∂[µCν]
8
+4K∗µνρ∂λG
µνρλ + t∗µν|α
(
∂[µSν]α + ∂[µAν]α − 2∂αAµν
)
−3C∗µν∂ρC
µνρ + 4η∗µνρ∂λη
µνρλ + C∗µ∂µC − 5G
∗
µνρλ∂σG
µνρλσ
+3S∗µν∂(µSν) + A
∗µν∂[µSν] + 4C
∗
µνρ∂λC
µνρλ
−5η∗µνρλ∂ση
µνρλσ − 5C∗µνρλ∂σC
µνρλσ
]
. (53)
The solution to the master equation encodes all the information on the gauge
structure of a given theory. We remark that in our case solution (53) decom-
poses into terms with antighost numbers ranging from zero to four. Let us
briefly recall the significance of the various terms present in the solution to
the master equation. Thus, the part with the antighost number equal to
zero is nothing but the Lagrangian action of the gauge model under study.
The components of antighost number equal to one are always proportional
with the gauge generators. If the gauge algebra were non-Abelian, then there
would appear terms simultaneously linear in the antighost number two an-
tifields and quadratic in the pure ghost number one ghosts. The absence of
such terms in our case shows that the gauge transformations are Abelian.
The terms from (53) with higher antighost numbers give us information on
the reducibility functions. If the reducibility relations held on-shell, then
there would appear components linear in the ghosts for ghosts (ghosts of
pure ghost number strictly greater than one) and quadratic in the various
antifields. Such pieces are not present in (53) since the reducibility relations
(10), (12), and (14) hold off-shell. Other possible components in the solu-
tion to the master equation offer information on the higher-order structure
functions related to the tensor gauge structure of the theory. There are no
such terms in (53) as a consequence of the fact that all higher-order structure
functions vanish for the theory under study.
3 Strategy
We begin with a “free” gauge theory, described by a Lagrangian action
SL0 [Φ
α0 ], invariant under some gauge transformations
δǫΦ
α0 = Zα0α1ǫ
α1 ,
δSL0
δΦα0
Zα0α1 = 0, (54)
and consider the problem of constructing consistent interactions among the
fields Φα0 such that the couplings preserve both the field spectrum and the
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original number of gauge symmetries. This matter is addressed by means
of reformulating the problem of constructing consistent interactions as a de-
formation problem of the solution to the master equation corresponding to
the “free” theory [39, 40]. Such a reformulation is possible due to the fact
that the solution to the master equation contains all the information on the
gauge structure of the theory. If a consistent interacting gauge theory can
be constructed, then the solution S¯ to the master equation associated with
the “free” theory,
(
S¯, S¯
)
= 0, can be deformed into a solution S,
S¯ → S = S¯ + λS1 + λ
2S2 + · · ·
= S¯ + λ
∫
dDx a+ λ2
∫
dDx b+ λ3
∫
dDx c + · · · (55)
of the master equation for the deformed theory
(S, S) = 0, (56)
such that both the ghost and antifield spectra of the initial theory are pre-
served. The symbol (, ) denotes the antibracket. Equation (56) splits, accord-
ing to the various orders in the coupling constant (or deformation parameter)
λ, into the equivalent tower of equations (
S¯, S¯
)
= 0, (57)
2
(
S1, S¯
)
= 0, (58)
2
(
S2, S¯
)
+ (S1, S1) = 0, (59)(
S3, S¯
)
+ (S1, S2) = 0, (60)
2
(
S4, S¯
)
+ (S2, S2) + 2 (S1, S3) = 0 (61)
...
Equation (57) is fulfilled by hypothesis. The next one requires that the
first-order deformation of the solution to the master equation, S1, is a cocycle
of the “free” BRST differential s· =
(
·, S¯
)
. However, only cohomologically
nontrivial solutions to (58) should be taken into account, as the BRST-exact
ones can be eliminated by (in general nonlinear) field redefinitions. This
means that S1 pertains to the ghost number zero cohomological space of s,
H0 (s), which is generically nonempty due to its isomorphism to the space
of physical observables of the “free” theory. It has been shown in [39, 40]
(on behalf of the triviality of the antibracket map in the cohomology of the
10
BRST differential) that there are no obstructions in finding solutions to the
remaining equations, namely, (59), (60) and so on. However, the resulting
interactions may be nonlocal, and there might even appear obstructions if
one insists on their locality. The analysis of these obstructions can be done
with the help of cohomological techniques. As it will be seen below, all the
interactions in the case of the model under study turn out to be local.
4 Standard results
In the sequel we determine all consistent Lagrangian interactions that can be
added to the free theory described by (1) and (4)–(7). This is done by means
of solving the deformation equations (58)–(61), etc., with the help of specific
cohomological techniques. The interacting theory and its gauge structure
are then deduced from the analysis of the deformed solution to the master
equation that is consistent to all orders in the deformation parameter.
For obvious reasons, we consider only analytical, local, Lorentz covariant,
and Poincare´ invariant deformations (i.e., we do not allow explicit dependence
on the spacetime coordinates). The analyticity of deformations refers to the
fact that the deformed solution to the master equation, (55), is analytical in
the coupling constant λ and reduces to the original solution, (53), in the free
limit λ = 0. In addition, we require that the overall interacting Lagrangian
satisfies two further restrictions related to the derivative order of its vertices:
i) the maximum derivative order of each interaction vertex is equal to
two;
ii) the differential order of each interacting field equation is equal to that
of the corresponding free equation (meaning that at most one spacetime
derivative can act on each field from the BF sector and at most two
spacetime derivatives on the tensor field tµν|α).
If we make the notation S1 =
∫
d5x a, with a local, then equation (58)
(which controls the first-order deformation) takes the local form
sa = ∂µm
µ, gh (a) = 0, ε (a) = 0, (62)
for some local mµ. It shows that the nonintegrated density of the first-
order deformation pertains to the local cohomology of s in ghost number
11
zero, a ∈ H0 (s|d), where d denotes the exterior spacetime differential. The
solution to (62) is unique up to s-exact pieces plus divergences
a→ a + sb+ ∂µn
µ. (63)
If the general solution to (62) is trivial, a = sb+ ∂µn
µ, then it can be made
to vanish, a = 0.
In order to analyze equation (62) we develop a according to the antighost
number
a =
I∑
i=0
ai, agh (ai) = i, gh (ai) = 0, ε (ai) = 0, (64)
and assume, without loss of generality, that the above decomposition stops
at some finite value of I. This can be shown for instance like in [43] (Section
3), under the sole assumption that the interacting Lagrangian at order one
in the coupling constant, a0, has a finite, but otherwise arbitrary derivative
order. Inserting (64) into (62) and projecting it on the various values of the
antighost number, we obtain the tower of equations (equivalent to (62))
γaI = ∂µ
(I)
m
µ
, (65)
δaI + γaI−1 = ∂µ
(I−1)
m
µ
, (66)
δai + γai−1 = ∂µ
(i−1)
m
µ
, I − 1 ≥ i ≥ 1, (67)
for some local
(
(i)
m
µ
)
i=0,I
. Equation (65) can always be replaced in strictly
positive values of the antighost number by
γaI = 0, I > 0. (68)
Due to the second-order nilpotency of γ (γ2 = 0), the solution to (68) is
unique up to γ-exact contributions
aI → aI + γbI . (69)
If aI reduces only to γ-exact terms, aI = γbI , then it can be made to vanish,
aI = 0. The nontriviality of the first-order deformation a is translated at its
highest antighost number component into the requirement that aI ∈ H
I (γ),
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where HI (γ) denotes the cohomology of the exterior longitudinal derivative
γ in pure ghost number equal to I. So, in order to solve equation (62)
(equivalent with (68) and (66)–(67)), we need to compute the cohomology of
γ, H (γ), and, as it will be made clear below, also the local homology of δ,
H (δ|d).
From definitions (44)–(52) it is posible to show that H (γ) is spanned by
FA¯ =
(
ϕ, ∂µH
µ, ∂[µVν], ∂µB
µν , ∂[µφνρ], ∂µK
µνρ, Rµνρ|αβ
)
, (70)
the antifields χ∗∆, and all of their spacetime derivatives as well as by the
undifferentiated objects
ηΥ¯ =
(
η,Dµνρ, C,G
µνρλσ, Sµ, η
µνρλσ, Cµνρλσ
)
. (71)
In (70) and (71) we respectively used the notations
Rµνρ|αβ = −
1
2
Fµνρ|[α,β], Dµνρ = ∂[µAνρ], (72)
with f,β ≡ ∂βf . It is useful to denote by Rµν|α and Rµ the trace and respec-
tively double trace of Rµνρ|αβ
Rµν|α = σ
ρβRµνρ|αβ , Rµ = σ
ρβσναRµνρ|αβ . (73)
The spacetime derivatives (of any order) of all the objects from (71) are
removed from H (γ) since they are γ-exact. This can be seen directly from
the last definition in (45), the last present in (48), the first from (49), the
second in (50), the last from (51), and also using the relations
∂αDµνρ = γ
[
−1
2
Fµνρ|α
]
, ∂µSν = γ
[
1
2
(
1
3
Sµν + Aµν
)]
≡ γ
[
1
2
Cµν
]
. (74)
Let eM
(
ηΥ¯
)
be the elements with pure ghost number M of a basis in the
space of polynomials in the objects (71). Then, the general solution to (68)
takes the form (up, to trivial, γ-exact contributions)
aI = αI ([FA¯] , [χ
∗
∆]) e
I
(
ηΥ¯
)
, (75)
where agh (αI) = I and pgh
(
eI
)
= I. The notation f([q]) means that f
depends on q and its spacetime derivatives up to a finite order. The objects
αI (obviously nontrivial in H
0 (γ)) will be called invariant ‘polynomials’.
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They are true polynomials with respect to all variables (71) and their space-
time derivatives, excepting the undifferentiated scalar field ϕ, with respect
to which αI may be series. This is why we will keep the quotation marks
around the word polynomial(s). The result that we can replace equation (65)
with the less obvious one (68) for I > 0 is a nice consequence of the fact that
the cohomology of the exterior spacetime differential is trivial in the space of
invariant ‘polynomials’ in strictly positive antighost numbers. These results
on H (γ) can be synthesized in the following array
BRST
generator
pgh Grassmann parity
Nontrivial object
from H (γ)
χ∗∆ 0
(
ε
(
χ∆
)
+ 1
)
mod2 [χ∗∆]
Φα0 0 0 [FA¯]
ηα1 1 1 η,Dµνρ ≡ ∂[µAνρ]
ηα2 2 0 C,Gµνρλσ, Sµ
ηα3 3 1 ηµνρλσ
ηα4 4 0 Cµνρλσ
(76)
where notations (2), (25)–(31), (32), and (70) should be taken into account.
Inserting (75) in (66) we obtain that a necessary (but not sufficient) condi-
tion for the existence of (nontrivial) solutions aI−1 is that the invariant ‘poly-
nomials’ αI are (nontrivial) objects from the local cohomology of Koszul–Tate
differential H (δ|d) in antighost number I > 0 and in pure ghost number zero,
δαI = ∂µ
(I−1)
j
µ
, agh
(
(I−1)
j
µ)
= I − 1, pgh
(
(I−1)
j
µ)
= 0. (77)
We recall that H (δ|d) is completely trivial in both strictly positive antighost
and pure ghost numbers (for instance, see [42], Theorem 5.4, and [43]), so
from now on it is understood that by H (δ|d) we mean the local cohomology
of δ at pure ghost number zero. Using the fact that the free model under
study is a linear gauge theory of Cauchy order equal to five and the general
result from the literature [42, 43] according to which the local cohomology
of the Koszul–Tate differential is trivial in antighost numbers strictly greater
than its Cauchy order, we can state that
HJ (δ|d) = 0 for all J > 5, (78)
where HJ (δ|d) represents the local cohomology of the Koszul–Tate differen-
tial in antighost number J . Moreover, it can be shown that if the invariant
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‘polynomial’ αJ , with agh (αJ) = J ≥ 5, is trivial in HJ (δ|d), then it can be
taken to be trivial also in H invJ (δ|d)(
αJ = δbJ+1 + ∂µ
(J)
c
µ
, agh (αJ) = J ≥ 5
)
⇒ αJ = δβJ+1 + ∂µ
(J)
γ
µ
, (79)
with both βJ+1 and
(J)
γ
µ
invariant ‘polynomials’. Here, H invJ (δ|d) denotes
the invariant characteristic cohomology in antighost number J (the local
cohomology of the Koszul–Tate differential in the space of invariant ‘poly-
nomials’). An element of H invI (δ|d) is defined via an equation like (77), but
with the corresponding current an invariant ‘polynomial’. This result to-
gether with (78) ensures that the entire invariant characteristic cohomology
in antighost numbers strictly greater than five is trivial
H invJ (δ|d) = 0 for all J > 5. (80)
It is possible to show that no nontrivial representative of HJ(δ|d) or
H invJ (δ|d) for J ≥ 2 is allowed to involve the spacetime derivatives of the
fields [32] and [62]. Such a representative may depend at most on the un-
differentiated scalar field ϕ. With the help of relations (35)–(43), it can be
shown that H inv (δ|d) and H (δ|d) are spanned by the elements
agh
Nontrivial representative
spanning H invJ (δ|d)
Grassmann
parity
> 5 none −
5 (W )µνρλσ 1
4 (W )µνρλ , η
∗
µνρλσ 0
3 (W )µνρ , η
∗
µνρλ, C
∗,G∗µνρλσ, S
∗µ 1
2 (W )µν , η
∗, η∗µνρ, C
∗µ,G∗µνρλ, S
∗µν , A∗µν 0
(81)
where
(W )µνρλσ =
dW
dϕ
C∗µνρλσ +
d2W
dϕ2
(
H∗[µC
∗
νρλσ] + C
∗
[µνC
∗
ρλσ]
)
+
d3W
dϕ3
(
H∗[µH
∗
νC
∗
ρλσ] +H
∗
[µC
∗
νρC
∗
λσ]
)
+
d4W
dϕ4
H∗[µH
∗
νH
∗
ρC
∗
λσ] +
d5W
dϕ5
H∗µH
∗
νH
∗
ρH
∗
λH
∗
σ, (82)
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(W )µνρλ =
dW
dϕ
C∗µνρλ +
d2W
dϕ2
(
H∗[µC
∗
νρλ] + C
∗
[µνC
∗
ρλ]
)
+
d3W
dϕ3
H∗[µH
∗
νC
∗
ρλ] +
d4W
dϕ4
H∗µH
∗
νH
∗
ρH
∗
λ, (83)
(W )µνρ =
dW
dϕ
C∗µνρ +
d2W
dϕ2
H∗[µC
∗
νρ] +
d3W
dϕ3
H∗µH
∗
νH
∗
ρ , (84)
(W )µν =
dW
dϕ
C∗µν +
d2W
dϕ2
H∗µH
∗
ν , (85)
whit W = W (ϕ) an arbitrary, smooth function depending only on the un-
differentiated scalar field ϕ.
In contrast to the spaces (HJ(δ|d))J≥2 and
(
H invJ (δ|d)
)
J≥2
, which are
finite-dimensional, the cohomology H1(δ|d) (known to be related to global
symmetries and ordinary conservation laws) is infinite-dimensional since the
theory is free. Fortunately, it will not be needed in the sequel.
The previous results on H(δ|d) and H inv(δ|d) in strictly positive antighost
numbers are important because they control the obstructions to removing
the antifields from the first-order deformation. More precisely, we can suc-
cessively eliminate all the pieces of antighost number strictly greater that
five from the nonintegrated density of the first-order deformation by adding
solely trivial terms, so we can take, without loss of nontrivial objects, the
condition I ≤ 5 into (64). In addition, the last representative is of the form
(75), where the invariant ‘polynomial’ is necessarily a nontrivial object from
H inv5 (δ|d).
5 Computation of first-order deformation
In the case I = 5 the nonintegrated density of the first-order deformation
(see (64)) becomes
a = a0 + a1 + a2 + a3 + a4 + a5. (86)
We can further decompose a in a natural manner as a sum between two kinds
of deformations
a = aBF + aint, (87)
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where aBF contains only fields/ghosts/antifields from the BF sector and aint
describes the cross-interactions between the two theories.1 The piece aBF
is completely known [32]. It is parameterized by seven smooth, but other-
wise arbitrary functions of the undifferentiated scalar field, (Wa (ϕ))a=1,6 and
M¯(ϕ). In the sequel we analyze the cross-interacting piece, aint.
Due to the fact that aBF and aint involve different types of fields and that
aBF separately satisfies an equation of the type (62), it follows that aint is
subject to the equation
saint = ∂µmintµ , (88)
for some local current mintµ . In the sequel we determine the general solution
to (88) that complies with all the hypotheses mentioned in the beginning of
section 4.
In agreement with (86), the general solution to the equation saint =
∂µmintµ can be chosen to stop at antighost number I = 5
aint = aint0 + a
int
1 + a
int
2 + a
int
3 + a
int
4 + a
int
5 . (89)
We will show in Appendixes A, B and C that we can always take aint5 =
aint4 = a
int
3 = 0 into decomposition (89), without loss of nontrivial contribu-
tions. Consequently, the first-order deformation of the solution to the master
equation in the interacting case can be taken to stop at antighost number
two
aint = aint0 + a
int
1 + a
int
2 , (90)
where the components on the right-hand side of (90) are subject to equations
(68) and (66)–(67) for I = 2.
The piece aint2 as solution to equation (68) for I = 2 has the general form
expressed by (75) for I = 2, with α2 from H
inv
2 (δ|d). Looking at formula
(76) and also at relation (81) in antighost number two and requiring that
aint2 mixes BRST generators from the BF and (2, 1) sectors, we get that the
most general solution to (68) for I = 2 reads as2
aint2 = q9η
∗µνρηDµνρ +
(
q10G˜
∗µ + q11C
∗µ
)
Sµ + q12A
∗µνηD˜µν
1Decomposition (87) does not include a component responsible for the self-interactions
of the tensor field with the mixed symmetry (2, 1) since any such component has been
proved in [62] to be trivial.
2In principle, one can add to aint2 the terms
(
M˜2
)µνρ
ηDµνρ +
1
2
(M3)
µν
σαβD˜µαD˜νβ ,
where
(
M˜2
)µνρ
is the Hodge dual of an expression similar to (85) with W (ϕ)→M2 (ϕ),
and (M3)
µν
reads as in (85) with W (ϕ)→M3 (ϕ). Both M2 and M3 are some arbitrary,
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+ q13
2
η˜∗µνσαβD˜µαD˜νβ + S
∗
(
k1C + k2G˜
)
, (91)
where all quantities denoted by q or k are some real, arbitrary constants.
In the above and from now on we will use a compact writing in terms of
the Hodge duals
Ψ˜ν1...νj = 1
(5−j)!
εν1...νjµ1...µ5−jΨµ1...µ5−j . (92)
Consequently η˜∗µν , G˜∗ε and G˜ρ are the Hodge duals of η
∗
ρλσ, G
∗
µνρλ, and re-
spectively Gµνλσ.
Substituting (91) in (66) for I = 2 and using definitions (35)–(52), we
determine the solution aint1 under the form
aint1 = −3q9B
∗µν
(
V ρDµνρ +
1
2
ηFµν
)
−
(
q10
2
K˜∗µν + q11φ
∗µν
)
Aµν
−3q12t
∗µν|ρ
(
VρD˜µν +
1
2
ηF˜µν|ρ
)
+ q13
2
B˜∗µνρσαβF˜µα|ρD˜νβ
−2t∗µ
(
k1C
µ − k2
5
G˜µ
)
+ a¯int1 , (93)
where F˜λµ|α is the Hodge dual of F
νρσ
|α defined in (3) with respect to its
first three indices
F˜λµ|α =
1
3!
ελµνρσF
νρσ
|α. (94)
In the last formulas K˜λσ is the dual of the three-form K
µνρ from action (1),
B˜∗ρλσ and K˜∗λσ represent the duals of the antifields B∗µν and respectively
K∗µνρ from (28).
In the above a¯int1 is the solution to the homogeneous equation (68) in
antighost number one, meaning that a¯int1 is a nontrivial object from H (γ)
in pure ghost number one and in antighost number one. It is useful to
decompose a¯int1 like in (208)
a¯int1 = aˆ
int
1 + aˇ
int
1 , (95)
with aˆint1 the solution to (68) for I = 1 that ensures the consistency of a
int
1
in antighost number zero, namely the existence of aint0 as solution to (67) for
i = 1 with respect to the terms from aint1 containing the constants of the type
real, smooth functions depending on the undifferentiated scalar field. It can be shown
that the above terms finally lead to trivial interactions, so they can be removed from the
first-order deformation.
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q or k, and aˇint1 the solution to (68) for I = 1 that is independently consistent
in antighost number zero
δaˇint1 = −γcˇ0 + ∂µmˇ
µ
0 . (96)
With the help of definitions (35)–(52) and taking into account decomposition
(208), we infer by direct computation
δaint1 = δ
[
aˆint1 +
(
2k1K
∗µνρ + k2
30
K˜∗µνρ
)
Dµνρ
]
+γc0 + ∂λj
λ
0 + χ0, (97)
where
c0 = −cˇ0 +
q13
16
V˜ µνρλσαβF˜µα|ρF˜νβ|λ −
(
k1φ
µν − k2
20
K˜µν
)
Fµν , (98)
χ0 = −3q9
[(
∂[µV ν]
)
V ρDµνρ + V
µ (∂νη)Fµν − V
µηRµ
]
+ 1
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(
q10φ˜
µνρ + 6q11K
µνρ
)
Dµνρ
−3q12
4
[
∂ρ
(
F ρµν|α − σα[µF νρ]
)] (
2VαD˜µν + ηF˜µν|α
)
+ q13
8
εµνρλσσαβR˜µα|λσ
(
2VρD˜νβ + ηF˜νβ|ρ
)
, (99)
and jλ0 are some local currents. In the above V˜
µνρλ and φ˜µνλ represent the
Hodge duals of the one-form Vσ and respectively of the two-form φρσ from
(2) and R˜λσ|αβ is nothing but the Hodge dual of the tensor R
µνρ
|αβ defined
in (72) with respect to its first three indices, namely
R˜λσ|αβ =
1
3!
ελσµνρR
µνρ
|αβ. (100)
Inspecting (97), we observe that equation (67) for i = 1 possesses solutions
if and only if χ0 expressed by (99) is γ-exact modulo d. A straightforward
analysis of χ0 shows that this is not possible unless
q9 = q10 = q11 = q12 = q13 = 0. (101)
Now, we insert conditions (101) in (91) and identify the most general form
of the first-order deformation in the interacting sector at antighost number
two
aint2 = S
∗
(
k1C + k2G˜
)
. (102)
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The same conditions replaced in (97) enable us to write
aˆint1 = −
(
2k1K
∗µνρ + k2
30
φ˜∗µνρ
)
Dµνρ. (103)
Introducing (103) in (95) and then the resulting result together with (101)
in (93), we obtain
aint1 = −2t
∗
µ
(
k1C
µ + k2
5
G˜µ
)
−
(
2k1K
∗µνρ + k2
30
φ˜∗µνρ
)
Dµνρ + aˇ
int
1 . (104)
Next, we determine aˇint1 as the solution to the homogeneous equation (68)
for I = 1 that is independently consistent in antighost number zero, i.e.
satisfies equation (96). According to (75) for I = 1 the general solution to
equation (68) for I = 1 has the form
aˇint1 = t
∗µν|ρ
(
Lµν|ρη + L
αβγ
µν|ρDαβγ
)
+
(
V ∗αM
α
µνρ + ϕ
∗Mµνρ
+H∗αM¯
α
µνρ +B
∗
αβM
αβ
µνρ + φ
∗
αβM¯
αβ
µνρ +K
∗
αβγM
αβγ
µνρ
)
Dµνρ
+
(
V ∗αN
α + ϕ∗N +H∗αN¯
α +B∗αβN
αβ + φ∗αβN¯
αβ
+K∗αβγN
αβγ
)
η, (105)
where all the quantities denoted by L, M , N , M¯ , or N¯ are bosonic, gauge-
invariant tensors, and therefore they may depend only on FA¯ given in (70)
and their spacetime derivatives. The functions Lµν|ρ and L
αβγ
µν|ρ exhibit the
mixed symmetry (2, 1) with respect to their lower indices and, in addition,
Lαβγ
µν|ρ is completely antisymmetric with respect to its upper indices. The
remaining functions, M , M¯ , N , and N¯ , are separately antisymmetric (where
appropriate) in their upper and respectively lower indices.
In order to determine all possible solutions (105) we demand that aˇint1
mixes the BF and (2, 1) sectors and (for the first time) explicitly implement
the assumption on the derivative order of the interacting Lagrangian dis-
cussed in the beginning of section 4 and structured in requirements i) and
ii). Because all the terms involving the functions N or N¯ contain only BRST
generators from the BF sector, it follows that each such function must contain
at least one tensor Rµνρ|αβ defined in (72), with F as in (3). The correspond-
ing terms from aˇint1 , if consistent, would produce an interacting Lagrangian
that does not agree with requirement ii) with respect to the BF fields and
therefore we must take
Nα = N = N¯α = Nαβ = N¯αβ = Nαβγ = 0. (106)
20
In the meantime, requirement ii) also restricts all the functions M and M¯ to
be derivative-free. Since the undifferentiated scalar field is the only element
among FA¯ and their spacetime derivatives that contains no derivatives, it
follows that all M and M¯ may depend at most on ϕ. Due to the fact that we
work in D = 5 and taking into account the various antisymmetry properties
of these functions, it follows that the only eligible representations are
Mαµνρ =Mµνρ = M¯
α
µνρ = 0, (107)
Mαβµνρ = U13ε
αβ
µνρ, M¯
αβ
µνρ = U14ε
αβ
µνρ, M
αβγ
µνρ =
1
6
U15δ
α
[µδ
β
ν δ
γ
ρ], (108)
with U13, U14, and U15 some real, smooth functions of ϕ. The same obser-
vation stands for Lµν|ρ and L
αβγ
µν|ρ, so their tensorial behaviour can only be
realized via some constant Lorentz tensors. Nevertheless, there is no such
constant tensor in D = 5 with the required mixed symmetry properties, and
hence we must put
Lµν|ρ = 0, L
αβγ
µν|ρ = 0. (109)
Inserting results (106)–(109) in (105), it follows that the most general (non-
trivial) solution to equation (68) for I = 1 that complies with all the working
hypotheses, including that on the differential order of the interacting La-
grangian, is given by
aˇint1 = ε
µνρλσ
(
U13B
∗
µν + U14φ
∗
µν
)
Dρλσ + U15K
∗µνρDµνρ. (110)
By acting with δ on (110) and using definitions (35)–(52) we infer
δaˇint1 = γ
[(
−3U14K˜
µν + 2U15φ
µν
)
Fµν
]
+∂α
(
εµνρλαU13VµDνρλ − εµνρλσU14K
αµνDρλσ + U14φµνD
αµν
)
+εµνρλσ [− (∂
µU13)V
ν + (∂αU14)K
αµν ]Dρλσ
− (∂µU15)φνρD
µνρ + 2F µν
(
6U14∂[µG˜ν] − U15∂[µCν]
)
. (111)
Comparing (111) with (96), we conclude that function U13 reduces to a real
constant and meanwhile functions U14 and U15 must vanish
U13 = u13, U14 = 0 = U15, (112)
so (110) becomes
aˇint1 = ε
µνρλσu13B
∗
µνDρλσ, (113)
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wich produces trivial deformations because it is a trivial element fromH1(δ|d)
aˇint1 = δ
(
εµνρλσu13η
∗
µνρAλσ
)
+ ∂µ
(
εµνρλσu13B
∗
νρAλσ
)
(114)
and by further taking
aˇint1 = 0. (115)
As a consequence, we can safely take the nontrivial part of the first-order
deformation in the interaction sector in antighost number one, (104), of the
form
aint1 = −2t
∗
µ
(
k1C
µ + k2
5
G˜µ
)
−
(
2k1K
∗µνρ + k2
30
φ˜∗µνρ
)
Dµνρ. (116)
In addition, (115) leads to
cˇ0 = 0, mˇ
µ
0 = 0 (117)
in (96). Replacing now (101) and (117) in (97), we are able to identify
the piece of antighost number zero from the first-order deformation in the
interacting sector as
aint0 =
(
k1φ
µν − k2
20
K˜µν
)
Fµν + a¯
int
0 , (118)
where a¯int0 is the solution to the ‘homogeneous’ equation in antighost number
zero
γa¯int0 = ∂µm¯
µ
0 . (119)
We will prove in Appendix D that the only solution to (119) that satisfies
all our working hypotheses, including that on the derivative order of the
interacting Lagrangian, is a¯int0 = 0, such that the nontrivial part of the first-
order deformation in the interaction sector in antighost number zero reads
as
aint0 =
(
k1φ
µν − k2
20
K˜µν
)
Fµν . (120)
The main conclusion of this section is that the general form of the first-
order deformation of the solution to the master equation as solution to (58)
for the model under study is expressed by
S1 =
∫
d5x
(
aBF + aint
)
, (121)
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where aBF can be found in [32] and
aint = aint0 + a
int
1 + a
int
2
= S∗
(
k1C + k2G˜
)
− 2t∗µ
(
k1C
µ + k2
5
G˜µ
)
−
(
2k1K
∗µνρ + k2
30
φ˜∗µνρ
)
Dµνρ +
(
k1φ
µν − k2
20
K˜µν
)
Fµν . (122)
It is now clear that the first-order deformation is parameterized by seven
arbitrary, smooth functions of the undifferentiated scalar field ((Wa (ϕ))a=1,6
and M¯(ϕ) corresponding to aBF and by two arbitrary, real constants (k1
and k2 from a
int). We will see in the next section that the consistency of
the deformed solution to the master equation in order two in the coupling
constant will restrict these functions and constants to satisfy some specific
equations.
6 Computation of higher-order deformations
With the first-order deformation at hand, in the sequel we determine the
higher-order deformations of the solution to the master equation, governed
by equations (59)–(61), etc., which comply with our working hypotheses.
In the first step we approach the second-order deformation, S2, as (non-
trivial) solution to equation (59). If we denote by ∆ the nonintegrated density
of the antibracket (S1, S1) and by b the nonintegrated density associated with
S2,
(S1, S1) =
∫
d5x ∆, S2 =
∫
d5x b, (123)
then equation (59) takes the local form
∆ + 2sb = ∂µn
µ, (124)
with nµ a local current. By direct computation it follows that ∆ decomposes
as
∆ = ∆BF +∆int, (125)
where ∆BF involves only BRST generators from the BF sector and each term
from ∆int depends simultaneously on the BRST generators of both sectors
(BF and mixed symmetry (2, 1)), such that ∆int couples the two theories.
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Consequently, decomposition (125) induces a similar one at the level of the
second-order deformation
b = bBF + bint (126)
and equation (124) becomes equivalent to two equations, one for the BF
sector and the other for the interacting sector
∆BF + 2sbBF = ∂µnBFµ , (127)
∆int + 2sbint = ∂µnintµ . (128)
Equation (127) has been completely solved in [32], where it was shown
that it possesses only the trivial solution
bBF = 0 (129)
and, in addition, the seven functions (Wa)a=1,6 and M¯(ϕ) that parameterize
aBF are subject to the following equations:
dM¯ (ϕ)
dϕ
W1 (ϕ) = 0, W1 (ϕ)W2 (ϕ) = 0, (130)
W1 (ϕ)
dW2 (ϕ)
dϕ
− 3W2 (ϕ)W3 (ϕ) + 6W5 (ϕ)W6 (ϕ) = 0, (131)
W2 (ϕ)W3 (ϕ) +W5 (ϕ)W6 (ϕ) = 0, (132)
W1 (ϕ)
dW6 (ϕ)
dϕ
+ 3W3 (ϕ)W6 (ϕ)− 6W2 (ϕ)W4 (ϕ) = 0, (133)
W1 (ϕ)W6 (ϕ) = 0, W2 (ϕ)W4 (ϕ) +W3 (ϕ)W6 (ϕ) = 0, (134)
W2 (ϕ)W5 (ϕ) = 0, W4 (ϕ)W6 (ϕ) = 0. (135)
Now, we investigate the latter equation, (128). By direct computation ∆int
can be brought to the form
∆int = s
[
−3
(
k1φµν −
k2
20
K˜µν
)(
k1φ
µν − k2
20
K˜µν
)]
+∆¯int + ∂µn¯intµ , (136)
where n¯intµ is a local current and
∆¯int =
3∑
i=1
3∑
p=0
dpY¯ (i)
dϕp
X¯(i)p . (137)
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In ∆¯int we used the notations
Y¯ (1) = k1W3 +
k2
60
W5, Y¯
(2) = k1W4 +
k2
2·5!
W3, (138)
Y¯ (3) = k1W6 +
k2
5!
W2, (139)
and the polynomials X¯
(i)
p are listed in Appendix E (see formulas (264)–(275)).
It can be shown that (137) cannot be written as a s-exact modulo d element
from local functions and therefore it must vanish
∆¯int = 0, (140)
which further restricts the functions and constants that parameterize the
first-order deformation to obey the supplementary equations
k1W3 +
k2
60
W5 = 0, k1W4 +
k2
2·5!
W3 = 0, (141)
k1W6 +
k2
5!
W2 = 0. (142)
As a consequence, the consistency of the first-order deformation at order
two in the coupling constant (the existence of local solutions to equation (59))
on the one hand restricts the functions and constants that parameterize S1 to
fulfill equations (130)–(135) and (141)–(142) and, on the other hand, enables
us (via formulas (123), (126), (128), (129), (136), and (140)) to infer the
second-order deformation as
S2 = S
int
2 =
∫
d5x
[
3
2
(
k1φµν −
k2
20
K˜µν
)(
k1φ
µν − k2
20
K˜µν
)]
. (143)
In the second step we solve the equation that governs the third-order
deformation, namely, (60). If we make the notations
(S1, S2) =
∫
d5x Λ, S3 =
∫
d5x c, (144)
then equation (60) takes the local form
Λ + sc = ∂µp
µ, (145)
with pµ a local current. By direct computation we obtain
Λ = ∂µp¯
µ +
3∑
i=1
2∑
p=0
dpY¯ (i)
dϕp
U (i)p , (146)
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where p¯µ is a local current and the functions U
(i)
p appearing in the right-hand
side of (146) are listed in Appendix E (see formulas (276)–(284)). Taking into
account the result that the functions and constants that parameterize both
the first- and second-order deformations satisfy equations (130)–(135) and
(141)–(142) and comparing (146) with equation (145), it results that the
third-order deformation can be chosen to be completely trivial
S3 = 0. (147)
Related to the equation that governs the fourth-order deformation, namely,
(61), we have that
2 (S1, S3) + (S2, S2) = 0. (148)
From (148) and (61) we find that S4 is completely trivial
S4 = 0. (149)
Along a similar line, it can be shown that all the remaining higher-order
deformations Sk (k ≥ 5) can be taken to vanish
Sk = 0, k ≥ 5. (150)
The main conclusion of this section is that the deformed solution to the
master equation for the model under study, which is consistent to all orders
in the coupling constant, can be taken as
S = S¯ + λS1 + λ
2S2, (151)
where S¯ reads as in (53), S1 is given in (121) with a
int of the form (122),
and S2 is expressed by (143). It represents the most general solution that
complies with all our working hypotheses (see the discussion from the begin-
ning of section 4). We cannot stress enough that the (seven) functions and
(two) constants that parameterize the fully deformed solution to the master
equation are no longer independent. They must obey equations (130)–(135)
and (141)–(142).
7 The coupled theory: Lagrangian and gauge
structure
In this section we start from the concrete form of (151) and identify the
entire gauge structure of the Lagrangian model that describes all consistent
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interactions in D = 5 between the BF theory and the massless tensor field
tµν|α. To this end we recall the discussion from the end of section 2 related
to the relationship between the gauge structure of a given Lagrangian field
theory and various terms of definite antighost number present in the solution
of the master equation. Of course, we assume that the functions (Wa)a=1,6,
M¯ together with the constants k1 and k2 satisfy equations (130)–(135) and
(141)–(142). The analysis of solutions that are interesting from the point of
view of cross-couplings (at least one of the constants k1 and k2 is nonvanish-
ing) is done in Section 8.
The piece of antighost number zero from (151) provides nothing but the
Lagrangian action of the interacting theory
SL [Φα0 ] =
∫
d5x
{
Hµ∂
µϕ+ 1
2
Bµν∂[µVν] +
1
3
Kµνρ∂[µφνρ]
+λ
[
W1VµH
µ +W2Bµνφ
µν −W3φ[µνVρ]K
µνρ + M¯(ϕ)
+εαβγδε
(
9W4VαK˜βγK˜δε +
1
4
W5Vαφβγφδε +W6BαβKγδε
)]
− 1
12
(
Fµνρ|αF
µνρ|α − 3FµνF
µν
)
+λ
(
k1φ
µν − k2
20
K˜µν
) [
Fµν +
3λ
2
(
k1φµν −
k2
20
K˜µν
)]}
, (152)
where Φα0 is the field spectrum (2). The terms of antighost number one
from the deformed solution of the master equation, generically written as
Φ∗α0Z
α0
α1
ηα1, allow the identification of the gauge transformations of action
(152) via replacing the ghosts ηα1 with the gauge parameters Ωα1
δ¯ΩΦ
α0 = Zα0 α1Ω
α1 . (153)
In our case, taking into account formula (151) and maintaining the notation
(8) for the gauge parameters, we find the concrete form of the deformed
gauge transformations as
δ¯Ωϕ = −λW1ǫ, (154)
δ¯ΩH
µ = 2Dνǫ
µν + λ
(
dW1
dϕ
Hµ − 3
dW3
dϕ
Kµνρφνρ
)
ǫ
−3λ
dW2
dϕ
φνρǫ
µνρ + 2λ
(
dW2
dϕ
Bµν − 3
dW3
dϕ
KµνρVρ
)
ξν
+12λ
dW3
dϕ
Vνφρλξ
µνρλ + 2λ
dW6
dϕ
Bµνεναβγδξ
αβγδ
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+3λKµνρ
(
4
dW4
dϕ
Vνεραβγδξ
αβγδ −
dW6
dϕ
ενραβγǫ
αβγ
)
+λεµνρλσ
[
1
4
dW4
dϕ
ενραβγK
αβγελσα′β′γ′K
α′β′γ′ǫ
−
dW5
dϕ
φνρ
(
Vλξσ −
1
4
φλσǫ
)]
, (155)
δ¯ΩVµ = ∂µǫ− 2λW2ξµ − 2λεµνρλσW6ξ
νρλσ, (156)
δ¯ΩB
µν = −3∂ρǫ
µνρ − 2λW1ǫ
µν + 6λW3
(
2φρλξ
µνρλ +Kµνρξρ
)
+λ
(
12W4K
µνρεραβγδξ
αβγδ −W5ε
µνρλσφρλξσ
)
, (157)
δ¯Ωφµν = D
(−)
[µ ξν] + 3λ
(
W3φµνǫ− 2W4V[µεν]αβγδξ
αβγδ
)
+3λεµνρλσ
(
2W4K
ρλσǫ+W6ǫ
ρλσ − k2
180
∂[ρχλσ]
)
, (158)
δ¯ΩK
µνρ = 4D
(+)
λ ξ
µνρλ − 3λ (W2ǫ
µνρ +W3K
µνρǫ)
−λεµνρλσW5
(
Vλξσ −
1
2
φλσǫ
)
− 2λk1∂
[µχνρ], (159)
δ¯Ωtµν|α = ∂[µθν]α+ ∂[µχν]α− 2∂αχµν +λk1σα[µξν]−
λk2
5!
σα[µεν]βγδεξ
βγδε, (160)
where, in addition, we used the notations
Dν = ∂ν − λ
dW1
dϕ
Vν , D
(±)
ν = ∂ν ± 3λW3Vν . (161)
We observe that the cross-interaction terms,
λ
(
k1φ
µν − k2
20
K˜µν
)
Fµν ,
are only of order one in the deformation parameter and couple the tensor field
tλµ|α to the two-form φµν and to the three-form K
µνρ from the BF sector.
Also, it is interesting to see that the interaction components
3λ2
2
(
k1φ
µν − k2
20
K˜µν
)(
k1φµν −
k2
20
K˜µν
)
,
which describe self-interactions in the BF sector, are strictly due to the pres-
ence of the tensor tλµ|α (in its absence k1 = k2 = 0, so they would vanish).
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The gauge transformations of the BF fields φµν and K
µνρ are deformed in
such a way to include gauge parameters from the (2, 1) sector. Related to
the other BF fields, ϕ, Hµ, Vµ, and B
µν , their gauge transformations are
also modified with respect to the free theory, but only with terms specific
to the BF sector. A remarkable feature is that the gauge transformations of
the tensor tλµ|α are modified by shift terms in some of the gauge parameters
from the BF sector.
From the components of higher antighost number present in (151) we read
the entire gauge structure of the interacting theory: the commutators among
the deformed gauge transformations (154)–(160), and hence the properties of
the deformed gauge algebra, their associated higher-order structure functions,
and also the new reducibility functions and relations together with their
properties. (The reducibility order itself of the interacting theory is not
modified by the deformation procedure and remains equal to that of the free
model, namely, three.) We do not give here the concrete form of all these
deformed structure functions, which is analyzed in detail in Appendix F, but
only briefly discuss their main properties by contrast to the gauge features
of the free theory (see section 2).
The nonvanishing commutators among the deformed gauge transforma-
tions result from the terms quadratic in the ghosts with pure ghost num-
ber one present in (151). Since their form can be generically written as
1
2
(η∗α1C
α1
β1γ1
− 1
2
Φ∗α0Φ
∗
β0
Mα0β0β1γ1 )η
β1ηγ1 , it follows that the commutators among
the deformed gauge transformations only close on-shell (on the stationary
surface of the deformed field equations)
[
δ¯Ω1 , δ¯Ω2
]
Φα0 = δ¯ΩΦ
α0 +Mα0β0Ω
δSL
δΦβ0
. (162)
Here, δSL/δΦβ0 stand for the Euler–Lagrange (EL) derivatives of the in-
teracting action (152), Ω1 and Ω2 represent two independent sets of gauge
parameters of the type (8), and Ω is a quadratic combination of Ω1 and
Ω2. The exact form of the corresponding commutators is included in the
Appendix F (see formulas (287)–(293)). In conclusion, the gauge algebra
corresponding to the interacting theory is open (the commutators among the
deformed gauge transformations only close on-shell), by contrast to the free
theory, where the gauge algebra is Abelian.
The first-order reducibility functions and relations follow from the terms
linear in the ghosts for ghosts appearing in (151). Because they can be
generically set in the form (η∗α1Z
α1
α2
+ 1
2
Φ∗α0Φ
∗
β0
Cα0β0α2 )η
α2, it follows that if
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we transform the gauge parameters Ωα1 in terms of the first-order reducibility
parameters Ω¯α2 as in
Ωα1 → Ωα1 = Zα1 α2Ω¯
α2 , (163)
then the transformed gauge transformations (153) of all fields vanish on-shell
δΩ(Ω¯)Φ
α0 ≡ Zα0 α1Z
α1
α2
Ω¯α2 = Cα0β0
Ω¯
δSL
δΦβ0
≈ 0. (164)
Along the same line, the second-order reducibility functions and relations
are given by the terms linear in the ghosts for ghosts for ghosts appearing in
(151), which can be generically written as (η∗α2Z
α2
α3
−η∗α1Φ
∗
β0
Cα1β0α3 + · · · )η
α3 .
Consequently, if we transform the first-order reducibility parameters Ω¯α2 in
terms of the second-order reducibility parameters Ωˇα3 as in
Ω¯α2 → Ω¯α2 = Zα2 α3Ωˇ
α3 , (165)
then the transformed gauge parameters (163) vanish on-shell
Ωα1
(
Ω¯α2
(
Ωˇα3
))
≡ Zα1 α2Z
α2
α3
Ωˇα3 = Cα1β0
Ωˇ
δSL
δΦβ0
≈ 0. (166)
Finally, the third-order reducibility functions and relations are withdrawn
from the terms linear in the ghosts for ghosts for ghosts for ghosts from
(151), which have the generic form (η∗α3Z
α3
α4
+ η∗α2Φ
∗
β0
Cα2β0α4 + · · · )η
α4 , such
that if we transform the second-order reducibility parameters Ωˇα3 in terms
of the third-order reducibility parameters Ωˆα4 as in
Ωˇα3 → Ωˇα3 = Zα3 α4Ωˆ
α4 , (167)
then the transformed first-order reducibility parameters (165) again vanish
on-shell
Ω¯α2
(
Ωˇα3
(
Ωˆα4
))
≡ Zα2 α3Z
α3
α4
Ωˆα4 = Cα2β0
Ωˇ
δSL
δΦβ0
≈ 0. (168)
In the above the notations Ωα1 , Ω¯α2 , Ωˇα3 , and Ωˆα4 are the same from the
free case, namely (8), (16), (20), and (23), while the BRST generators are
structured according to formulas (25)–(31). It is now clear that the reducibil-
ity relations associated with the interacting model ((164), (166), and (168))
only hold on-shell, by contrast to those corresponding to the free theory
((10), (12), and respectively (14)), which hold off-shell. Their concrete form
is detailed in Appendix F.
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8 Some solutions to the consistency equations
Equations (130)–(135) and (141)–(142), required by the consistency of the
first-order deformation, possess the following classes of solutions, interesting
from the point of view of cross-couplings between the BF field sector and the
tensor field with the mixed symmetry (2, 1).
I. The real constants k1 and k2 are arbitrary (k
2
1 + k
2
2 > 0), functions M¯
and W2 are some arbitrary, real, smooth functions of the undifferenti-
ated scalar field, and
W1 (ϕ) = W3 (ϕ) = W4 (ϕ) = W5 (ϕ) = 0, (169)
W6 (ϕ) = −
k2
5!k1
W2 (ϕ) . (170)
The above formulas allow one to infer directly the solution in the gen-
eral case k2 = 0. This class of solutions can be equivalently reformu-
lated as: the real constants k1 and k2 are arbitrary (k
2
1 + k
2
2 > 0),
functions M¯ and W6 are some arbitrary, real, smooth functions of the
undifferentiated scalar field, and
W1 (ϕ) = W3 (ϕ) = W4 (ϕ) = W5 (ϕ) = 0, (171)
W2 (ϕ) = −
5!k1
k2
W6 (ϕ) . (172)
The last formulas are useful at writing down the solution in the partic-
ular case k1 = 0.
II. The real constants k1 and k2 are arbitrary (k
2
1 + k
2
2 > 0), functions M¯
and W5 are some arbitrary, real, smooth functions of the undifferenti-
ated scalar field, and
W1 (ϕ) =W2 (ϕ) =W6 (ϕ) = 0, (173)
W3 (ϕ) = −
k2
60k1
W5 (ϕ) , W4 (ϕ) =
(
k2
5!k1
)2
W5 (ϕ) . (174)
The above formulas allow one to infer directly the solution in the gen-
eral case k2 = 0. This class of solutions can be equivalently reformu-
lated as: the real constants k1 and k2 are arbitrary (k
2
1 + k
2
2 > 0),
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functions M¯ and W4 are some arbitrary, real, smooth functions of the
undifferentiated scalar field, and
W1 (ϕ) =W2 (ϕ) =W6 (ϕ) = 0, (175)
W3 (ϕ) = −2 · 5!
k1
k2
W4 (ϕ) , W5 (ϕ) =
(
5!k1
k2
)2
W4 (ϕ) . (176)
The last formulas are useful at writing down the solution in the partic-
ular case k1 = 0.
III. The real constants k1 and k2 are arbitrary (k
2
1 + k
2
2 > 0), functions W1
and W5 are some arbitrary, real, smooth functions of the undifferenti-
ated scalar field, and
W2 (ϕ) = W6 (ϕ) = M¯ (ϕ) = 0, (177)
W3 (ϕ) = −
k2
60k1
W5 (ϕ) , W4 (ϕ) =
(
k2
5!k1
)2
W5 (ϕ) . (178)
The above formulas allow one to infer directly the solution in the gen-
eral case k2 = 0. This class of solutions can be equivalently reformu-
lated as: the real constants k1 and k2 are arbitrary (k
2
1 + k
2
2 > 0),
functions W1 and W4 are some arbitrary, real, smooth functions of the
undifferentiated scalar field, and
W2 (ϕ) = W6 (ϕ) = M¯ (ϕ) = 0, (179)
W3 (ϕ) = −2 · 5!
k1
k2
W4 (ϕ) , W5 (ϕ) =
(
5!k1
k2
)2
W4 (ϕ) . (180)
The last formulas are useful at writing down the solution in the partic-
ular case k1 = 0.
For all classes of solutions the emerging interacting theories display the
following common features:
1. there appear nontrivial cross-couplings between the BF fields and the
tensor field with the mixed symmetry (2, 1);
2. the gauge transformations are modified with respect to those of the free
theory and the gauge algebras become open (only close on-shell);
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3. the first-order reducibility functions are changed during the deforma-
tion process and the first-order reducibility relations take place on-shell.
Nevertheless, there appear the following differences between the above
classes of solutions at the level of the higher-order reducibility:
a) for class I the second-order reducibility functions are modified with
respect to the free ones and the corresponding reducibility relations
take place on-shell. The third-order reducibility functions remain those
from the free case and hence the associated reducibility relations hold
off-shell;
b) for class II both the second- and third-order reducibility functions re-
main those from the free case and hence the associated reducibility
relations hold off-shell;
c) for class III all the second- and third-order reducibility functions are
deformed and the corresponding reducibility relations only close on-
shell.
9 Conclusion
The most important conclusion of this paper is that under the hypotheses of
analyticity in the coupling constant, spacetime locality, Lorentz covariance,
and Poincare´ invariance of the deformations, combined with the preservation
of the number of derivatives on each field, the dual formulation of linearized
gravity in D = 5 allows for the first time nontrivial couplings to another
theory, namely with a topological BF model, whose field spectrum consists
in a scalar field, two sorts of one-forms, two types of two-forms, and a three-
form. The deformed Lagrangian contains mixing-component terms of order
one in the deformation parameter that couple the massless tensor field with
the mixed symmetry (2, 1) mainly to one of the two-forms and to the three-
form from the BF sector. There appear some self-interactions in the BF sector
at order two in the coupling constant that are strictly due to the presence
of the tensor field with the mixed symmetry (2, 1). One of the striking
features of the deformed model is that the gauge transformations of all fields
are deformed. This is the first case where the gauge transformations of the
tensor field with the mixed symmetry (2, 1) do change with respect to the
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free ones (by shifts in some of the BF gauge parameters). All the ingredients
of the gauge structure are modified by the deformation procedure: the gauge
algebra becomes open and the reducibility relations hold on-shell.
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A No-go result for I = 5 in aint
In agreement with (86), the general solution to the equation saint = ∂µmintµ
can be chosen to stop at antighost number I = 5
aint = aint0 + a
int
1 + a
int
2 + a
int
3 + a
int
4 + a
int
5 , (181)
where the components on the right-hand side of (181) are subject to the
equations (68) and (66)–(67) for I = 5.
The piece aint5 as solution to equation (68) for I = 5 has the general form
expressed by (75) for I = 5, with α5 from H
inv
5 (δ|d). According to (81) at
antighost number five, it follows that H inv5 (δ|d) is spanned by the generic
representatives (82). Since aint5 should effectively mix the BF and the (2, 1)
tensor field sectors in order to produce cross-couplings and (82) involves only
BF generators, it follows that one should retain from the basis elements
e5
(
ηΥ¯
)
only the objects containing at least one ghost from the (2, 1) tensor
field sector, namely Dµνρ or Sµ. Recalling that we work precisely in D = 5,
we obtain that the general solution to (68) for I = 5 reduces to
aint5 =
1
3!
((
U˜1
)
C +
(
U˜2
)
G˜
)
D˜µαD˜
αβD˜βνσ
µν
+1
2
((
U˜3
)
ηSµ −
(
U˜4
)
DµνρD˜ναD˜ρβσ
αβ
)
Sµ. (182)
Each tilde object from the right-hand side of (182) means the Hodge dual of
the corresponding non-tilde element, defined in general by formula (92). The
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elements U˜ are dual to (U)µ1...µ5 as in (82), with W (ϕ) respectively replaced
by the smooth function U (ϕ) depending only on the undifferentiated scalar
field ϕ.
Introducing (182) in equation (66) for I = 5 and recalling definitions
(35)–(52), we obtain
aint4 = −
1
6
D˜µαD˜
αβσµν
[(
U˜1
)λ (
CλD˜βν +
3
2
CF˜βν|λ
)
−
(
U˜2
)λ (
1
5
G˜λD˜βν +
3
2
G˜F˜βν|λ
)]
+ 1
2
(
U˜3
)λ
(VλSµ + ηCλµ)S
µ
−1
4
(
U˜4
)λ [
Dµνρ
(
D˜ναD˜ρβσ
αβCλµ − 2D˜ναF˜ρβ|λσ
αβSµ
)
−F µνρ|γD˜ναD˜ρβSµσ
αβσγλ
]
+ a¯int4 . (183)
In (183)
(
U˜
)λ
are dual to (83), with W (ϕ) → U (ϕ). In addition, Cµρ is
implicitly defined by formula (74) so it is a ghost field of pure ghost number
one without definite symmetry/antisymmetry property, C∗νλ is its associated
antifield, defined such that the antibracket
(
Cµρ, C
∗νλ
)
is equal to the ‘unit’
δνµδ
λ
ρ
C∗νλ ≡ 3S∗νλ + A∗νλ. (184)
The nonintegrated density a¯int4 stands for the solution to the homogeneous
equation (68) for I = 4, showing that a¯int4 can be taken as a nontrivial element
of H (γ) in pure ghost number equal to four.
At this stage it is useful to decompose a¯int4 as a sum between two compo-
nents
a¯int4 = aˆ
int
4 + aˇ
int
4 , (185)
where aˆint4 is the solution to (68) for I = 4 which is explicitly required by
the consistency of aint4 in antighost number three (ensures that (67) possesses
solutions for i = 4 with respect to the terms from (183) containing the
functions of the type U) and aˇint4 signifies the part of the solution to (68) for
I = 4 that is independently consistent in antighost number three
δaˇint4 = −γcˇ3 + ∂µmˇ
µ
3 . (186)
Using definitions (35)–(52) and decomposition (185), by direct computation
we obtain that
δaint4 = δ
[
aˆint4 −
1
2
SαSα
((
U˜3
)µν
B∗µν +
1
3
(
U˜3
)µνρ
η∗µνρ +
1
12
(
U˜3
)µνρλ
η∗µνρλ
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+ 1
60
(
U˜3
)µνρλσ
η∗µνρλσ
)]
+ γc3 + ∂µj
µ
3 + χ3, (187)
where we made the notations
c3 = −cˇ3 +
1
12
(
U˜1
)λσ
D˜µρσ
µν
[
D˜ρα
(
φλσD˜αν − 3CλF˜αν|σ
)
+ 3
2
CF˜ ρα|λF˜αν|σ
]
− 1
240
(
U˜2
)λσ
D˜µρσ
µν
[
D˜ρα
(
K˜λσD˜αν − 12G˜λF˜αν|σ
)
− 30G˜F˜ ρα|λF˜αν|σ
]
− 1
12
(
U˜3
)λσ [
Sµ
(
6VλCσµ − ηtλσ|µ
)
+ 3
2
ηCλρCσµσ
ρµ
]
−1
2
((
U˜3
)µνσ
B∗µν +
1
3
(
U˜3
)µνρσ
η∗µνρ +
1
12
(
U˜3
)µνρλσ
η∗µνρλ
)
SαCσα
− 1
24
(
U˜4
)λσ
σαβ
[
Dµνρ
(
6D˜ναF˜ρβ|λCσµ + 3F˜να|λF˜ρβ|σSµ + D˜ναD˜ρβtλσ|µ
)
+3F µνρ |λD˜να
(
D˜ρβCσµ − 2F˜ρβ|σSµ
)]
, (188)
χ3 = −
1
4
((
U˜1
)λσ
C +
(
U˜2
)λσ
G˜
)
σµνD˜µαD˜
αβR˜βν|λσ
+1
6
(
U˜3
)µν
ηSρDµνρ −
1
12
(
U˜4
)λσ
σαβ
[
−3Rµνρ |λσD˜ναD˜ρβSµ
+DµνρD˜να
(
D˜ρβDλσµ − 6R˜ρβ|λσSµ
)]
, (189)
and jµ3 are some local currents. In (187)–(189)
(
U˜
)µν
and
(
U˜
)µνρ
denote the
duals of (84) and (85) with W (ϕ)→ U (ϕ). In addition,
(
U˜
)µνρλ
represents
the dual of (U)µ =
dU
dϕ
H∗µ and
(
U˜
)µνρλσ
the dual of U (ϕ). Inspecting (187),
it follows that the consistency of aint4 in antighost number three, namely the
existence of aint3 as solution to (67) for i = 4, requires the conditions
χ3 = γcˆ3 + ∂µˆ
µ
3 (190)
and
aˆint4 =
1
2
SαSα
((
U˜3
)µν
B∗µν +
1
3
(
U˜3
)µνρ
η∗µνρ
+ 1
12
(
U˜3
)µνρλ
η∗µνρλ +
1
60
(
U˜3
)µνρλσ
η∗µνρλσ
)
, (191)
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where we made the notations cˆ3 = −
(
aint3 + c3
)
and ˆµ3 =
(3)
m
int µ
− jµ3 . Nev-
ertheless, from (189) it is obvious that χ3 is a nontrivial element from H (γ)
in pure ghost number four, which does not reduce to a full divergence, and
therefore (190) requires that χ3 = 0, which further imply that all the func-
tions of the type U must be some real constants
U1 (ϕ) = u1, U2 (ϕ) = u2, U3 (ϕ) = u3, U4 (ϕ) = u4. (192)
Based on (192), it is clear that aint5 given by (182) vanishes, and hence we
can assume, without loss of nontrivial terms, that
aint5 = 0 (193)
in (181).
B No-go result for I = 4 in aint
We have seen in Appendix A that we can always take (193) in (181). Con-
sequently, the first-order deformation of the solution to the master equation
in the interacting case stops at antighost number four
aint = aint0 + a
int
1 + a
int
2 + a
int
3 + a
int
4 , (194)
where the components on the right-hand side of (194) are subject to the
equations (68) and (66)–(67) for I = 4.
The piece aint4 as solution to equation (68) for I = 4 has the general
form expressed by (75) for I = 4, with α4 from H
inv
4 (δ|d). According to
(81) at antighost number four, it follows that H inv4 (δ|d) is spanned by some
representatives involving only BF generators. Since aint4 should again mix the
BF and the (2, 1) tensor field sectors, it follows that one should retain from
the basis elements e4
(
ηΥ¯
)
only the objects containing at least one ghost from
the (2, 1) tensor field sector, namely Dµνρ or Sµ. The general solution to (68)
for I = 4 reads as
aint4 =
1
2
η˜∗
(
q1SµS
µ + q2
3
σµνD˜µαD˜
αβD˜βνη
)
+
(
U˜5
)µ
ηD˜µνS
ν
+
((
U˜6
)µ
C +
(
U˜7
)µ
G˜
)
Sµ −
1
4
(U8)µνρλ D˜
µαD˜νβD˜ργD˜λδσα(γσδ)β
−1
2
(
U˜9
)µ
DµνρD˜
ναD˜ρβησαβ, (195)
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where each element generically denoted by
(
U˜
)µ
is the Hodge dual of an
object similar to (83), but withW replaced by the arbitrary, smooth function
U , depending on the undifferentiated scalar field, (U8)µνρλ reads as in (83)
with W (ϕ)→ U8 (ϕ), and q1,2 are two arbitrary, real constants.
Introducing (195) in equation (66) for I = 4 and using definitions (35)–
(52), we determine the component of antighost number three from aint in the
form
aint3 =
1
2
q1η˜
∗µSνCµν +
1
6
q2η˜
∗λσµνD˜µαD˜
αβ
(
D˜βνVλ +
3
2
F˜βν|λη
)
+1
2
(
U˜5
)µν [(
2VµD˜νρ − ηF˜µρ|ν
)
Sρ + σρληD˜µρCνλ
]
−1
2
(
U˜6
)µν
(AµνC − 2SµCν)−
1
2
(
U˜7
)µν (
Aµν G˜ +
2
5
SµG˜ν
)
−1
2
(
U˜9
)µν
σαβ
[
DµλρD˜
λα
(
D˜ρβVν + F˜
ρβ
|νη
)
+ 1
2
Fµλρ|νD˜
λαD˜ρβη
]
−1
2
(
U˜8
)µτ
εµνρλσD˜
ναD˜ρβD˜λγF˜ σδ |τσα(γσδ)β + a¯
int
3 , (196)
where each
(
U˜
)µν
is the Hodge dual of an object of the type (84), with
W replaced by the corresponding function of the type U . Here, a¯int3 is the
general solution to the homogeneous equation (68) for I = 3, showing that
a¯int3 is a nontrivial object from H (γ) in pure ghost number three.
At this point we decompose a¯int3 in a manner similar to (185)
a¯int3 = aˆ
int
3 + aˇ
int
3 , (197)
where aˆint3 is the solution to (68) for I = 3 that ensures the consistency of
aint3 in antighost number two, namely the existence of a
int
2 as solution to (67)
for i = 3 with respect to the terms from aint3 containing the functions of the
type U or the constants q1 or q2, while aˇ
int
3 is the solution to (68) for I = 3
which is independently consistent in antighost number two
δaˇint3 = −γcˇ2 + ∂µmˇ
µ
2 . (198)
Based on definitions (35)–(52) and taking into account decomposition (197),
we get by direct computation
δaint3 = δ
[
aˆint3 −
q2
6
η˜∗λσσµνD˜µαD˜
αβD˜βνB
∗
λσ −
((
U˜5
)µνα
B∗µν
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+1
3
(
U˜5
)µνρα
η∗µνρ +
1
12
(
U˜5
)µνρλα
η∗µνρλ
)
D˜αβS
β
+1
2
σαβDµνρD˜
ναD˜ρβ
((
U˜9
)µλσ
B∗λσ −
1
3
(
U˜9
)µλσγ
η∗λσγ
+ 1
12
(
U˜9
)µλσγδ
η∗λσγδ
)]
+ γc2 + ∂λj
λ
2 + χ2, (199)
where
c2 = −cˇ2 +
q1
12
η˜∗µν
(
Sρtµν|ρ −
3
2
σρλCµρCνλ
)
+ q2
4
η˜∗λσσµνD˜µα
(
D˜αβVλ +
1
2
F˜ αβ|λη
)
F˜βν|σ
+1
2
(
U˜5
)µνρ [
Vµ
(
F˜νλ|ρS
λ − D˜νλC
λ
ρ
)
+1
2
η
(
F˜µλ|νC
λ
ρ +
1
3
D˜ αµ tνρ|α
)]
+1
2
((
U˜5
)µνλσ
B∗µν +
1
3
(
U˜5
)µνρλσ
η∗µνρ
)(
F˜λα|σS
α − D˜λαC
α
σ
)
+1
2
(
U˜6
)µνρ
(AµνCρ + Sµφνρ)−
1
10
(
U˜7
)µνρ (
Aµν G˜ρ +
1
4
SµK˜νρ
)
+1
8
(
U˜8
)µεπ
εµνρλσD˜
να
(
D˜ρβF˜ λγ |ε + 2F˜
ρβ
|εD˜
λγ
)
F˜ σδ |πσα(γσδ)β
−1
8
(
U˜9
)µλσ
σαβ
[
Dµνρ
(
4D˜ναF˜ ρβ |σVλ + F˜
να
|λF˜
ρβ
|ση
)
+2Fµνρ|σD˜
να
(
D˜ρβVλ + F˜
ρβ
|λη
)]
−1
4
(
U˜9
)µλσγ
σαβ
(
2DµνρF˜
να
|γ − Fµνρ|γD˜
να
)
D˜ρβB∗λσ
+ 1
12
(
U˜9
)µλσγδ
σαβ
(
2DµνρF˜
να
|δ − Fµνρ|δD˜
να
)
D˜ρβη∗λσγ , (200)
χ2 =
q1
6
η˜∗µνSρDµνρ +
1
6
(
U˜5
)µνρ
η
(
D˜ αµ Dνρα − 3R˜µλ|νρS
λ
)
+ q2
6
σµνD˜µαD˜
αβ
[(
∂σB˜
∗λρσ
)
D˜βνB
∗
λρ +
3
2
η˜∗λρR˜βν|λρη
]
+1
6
(
U˜6
)µνρ
DµνρC +
1
6
(
U˜7
)µνρ
DµνρG˜
−1
2
(
U˜8
)µεπ
εµνρλσσα(γσδ)βD˜
ναD˜ρβD˜λγR˜σδ |επ
+1
4
(
U˜9
)µλσ
σαβ
(
2DµνρR˜
να
|λσ − Rµνρ|λσD˜
να
)
D˜ρβη, (201)
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and jµ2 are some local currents. Reprising an argument similar to that em-
ployed in Appendix A between equations (190) and (193), we find that the
existence of aint2 as solution to equation (67) for i = 3 finally implies that χ2
expressed by (201) must vanish. This is further equivalent to the fact that all
the functions of the type U must be some real constants and both constants
q1,2 must vanish
U5 (ϕ) = u5, U6 (ϕ) = u6, U7 (ϕ) = u7, (202)
U8 (ϕ) = u8, U9 (ϕ) = u9, q1 = 0 = q2. (203)
Inserting (202) and (203) in (195), we conclude that we can safely take
aint4 = 0 (204)
in (194).
C No-go result for I = 3 in aint
We have seen in the previous two Appendixes A and B that we can always
take (193) and (204) in (181). Consequently, the first-order deformation of
the solution to the master equation in the interacting case stops at antighost
number three
aint = aint0 + a
int
1 + a
int
2 + a
int
3 , (205)
where the components on the right-hand side of (205) are subject to the
equations (68) and (66)–(67) for I = 3.
The piece aint3 as solution to equation (68) for I = 3 has the general form
expressed by (75) for I = 3, with α3 from H
inv
3 (δ|d). Looking at formula
(76) and also at relation (81) in antighost number three and requiring that
aint3 mixes BRST generators from the BF and (2, 1) sectors, we find that the
most general solution to (68) for I = 3 reads as3
aint3 = η˜
∗µ
(
q3ηSµ + q4S
νD˜µν −
1
2
q5σαβDµνρD˜
ναD˜ρβ
)
+q6S
∗µηSµ +
1
6
σµν
(
q7C
∗ + q8G˜
∗
)
D˜µαD˜
αβD˜βν
3In principle, one can add to aint
3
the term (M1)µνρ D˜
µνSρ, where (M1)µνρ reads as in
(84), with W (ϕ) → M1 (ϕ). It is possible to show that such a term outputs only trivial
deformations.
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+
(
U˜10
)µν
D˜µνG˜ +
(
U˜11
)µν
D˜µνC +
1
2
(
U˜12
)µν
σαβηD˜µαD˜νβ,(206)
where any object denoted by q represents an arbitrary, real constant. Insert-
ing (206) in equation (66) for I = 3 and using definitions (35)–(52), we can
write
aint2 = −q3η˜
∗µν
(
VµSν +
1
2
ηAµν
)
+ q4
2
η˜∗µν
(
CµρD˜
ρ
ν + S
ρF˜ρµ|ν
)
− q5
4
η˜∗µεσαβ
(
2DµνρF˜
να
|ε − Fµνρ|εD˜
να
)
D˜ρβ
−q6C
∗µν (2VµSν + ηCµν) +
1
4
σµν
(
q7C
∗λ − q8G˜
∗λ
)
D˜µαD˜
αβF˜βν|λ
−1
2
(
U˜10
)µνρ (
F˜µν|ρG˜ +
2
5
D˜µν G˜ρ
)
+
(
U˜11
)µνρ (
D˜µνCρ −
1
2
F˜µν|ρC
)
+1
2
(
U˜12
)µνρ
σαβ
(
VµD˜να + ηF˜αµ|ν
)
D˜ρβ + a¯
int
2 . (207)
The component a¯int2 represents the solution to the homogeneous equation in
antighost number two (68) for I = 2, so a¯int2 is a nontrivial element from
H (γ) of pure ghost number two and antighost number two. It is useful to
decompose a¯int2 as a sum between two terms
a¯int2 = aˆ
int
2 + aˇ
int
2 , (208)
with aˆint2 the solution to (68) for I = 2 that ensures the consistency of a
int
2
in antighost number one, namely the existence of aint1 as solution to (67) for
i = 2 with respect to the terms from aint2 containing the functions of the type
U or the constants denoted by q, and aˇint2 the solution to (68) for I = 2 that
is independently consistent in antighost number one
δaˇint2 = −γcˇ1 + ∂µmˇ
µ
1 . (209)
Using definitions (35)–(49) and decomposition (208), by direct computa-
tion we obtain that
δaint2 = δ
[
aˆint2 −
1
2
((
U˜12
)µνλσ
B∗µν +
1
3
(
U˜12
)µνρλσ
η∗µνρ
)
σαβD˜λαD˜σβ
]
+γc1 + ∂λj
λ
1 + χ1, (210)
where we used the notations
c1 = −cˇ1 −
1
2
B˜∗µνρ
[
q3VµAνρ −
q4
6
σαβ
(
3CµαF˜νβ|ρ + tµν|αD˜ρβ
)
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+ q5
4
σλσ
(
DµαβF˜
αλ
|ν − 2Fµαβ|νD˜
αλ
)
F˜ βσ|ρ
]
+q6t
∗µν|ρ
(
6VµCνρ − ηtµν|ρ
)
+ 1
2
(
U˜11
)µνρλ (
F˜µν|ρCλ + D˜µνφρλ
)
−1
4
σµν
(
q7φ
∗λρ − q8
2
K˜∗λρ
)
D˜µαF˜
αβ
|λF˜βν|ρ
− 1
10
(
U˜10
)µνρλ (
F˜µν|ρG˜λ +
1
4
D˜µνK˜ρλ
)
+1
2
(
U˜12
)µνρλ
σαβ
(
VµD˜ναF˜ρβ|λ −
1
4
ηF˜µα|νF˜ρβ|λ
)
+1
2
(
U˜12
)µνρλσ
σαβB∗µνD˜σαF˜ρβ|λ, (211)
χ1 =
1
6
B˜∗µνρ
[
q3
(
ηDµνρ + 3Sρ∂[µVν]
)
− q4σ
αβ
(
DµναD˜ρβ + 3R˜µα|νρSβ
)
+3q5
2
σλσ
(
Rµαβ|νρD˜
αλ − 2DµαβR˜
αλ
|νρ
)
D˜βσ
]
− 6q6t
∗µν|ρ
(
∂[µVν]
)
Sρ
+1
2
σµν
(
q7φ
∗ρλ − q8
2
K˜∗ρλ
)
D˜µαD˜
αβR˜βν|ρλ −
1
2
(
U˜10
)µνρλ
R˜µν|ρλG˜
−1
2
(
U˜11
)µνρλ
R˜µν|ρλC −
1
2
(
U˜12
)µνρλ
σαβηD˜µαR˜νβ|ρλ, (212)
and jµ1 are some local currents. It is easy to see that χ1 given in (212) is a
nontrivial object from H (γ) in pure ghost number two, which obviously does
not reduce to a full divergence. Then, since (210) requires that it is γ-exact
modulo d, it must vanish, which further implies that all the functions of the
type U (ϕ) are some real constants and all the constants denoted by q vanish
U10 (ϕ) = u10, U11 (ϕ) = u11, U12 (ϕ) = u12, (213)
q3 = q4 = q5 = q6 = q7 = q8 = 0. (214)
Inserting conditions (213) and (214) into (206), we conclude that we con-
clude that we can safely take
aint3 = 0 (215)
in (205).
D No-go result for I = 0 in aint
The solution to the ‘homogeneous’ equation (119) can be represented as
a¯int0 = a¯
′int
0 + a¯
′′int
0 , (216)
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where
γa¯′int0 = 0, (217)
γa¯′′int0 = ∂µm¯
µ
0 (218)
and m¯µ0 is a nonvanishing, local current.
According to the general result expressed by (75) in both antighost and
pure ghost numbers equal to zero, equation (217) implies
a¯′int0 = a¯
′int
0 ([FA¯]) , (219)
where FA¯ are listed in (75). Solution (219) is assumed to provide a cross-
coupling Lagrangian. Therefore, since Rµνρ|αβ is the most general gauge-
invariant quantity depending on the field tµν|α, it follows that each interac-
tion vertex from a¯′int0 is required to be at least linear in Rµνρ|αβ and to depend
at least on a BF field. But Rµνρ|αβ contains two spacetime derivatives, so
the emerging interacting field equations would exhibit at least two spacetime
derivatives acting on the BF field(s) from the interaction vertices. Never-
theless, this contradicts the general assumption on the preservation of the
differential order of each field equation with respect to the free theory (see
assumption ii) from the beginning of section 4), so we must set
a¯′int0 = 0. (220)
Next, we solve equation (218). In view of this, we decompose a¯′′int0 with
respect to the number of derivatives acting on the fields as
a¯′′int0 =
(0)
π +
(1)
π +
(2)
π , (221)
where each
(i)
π contains precisely i spacetime derivatives. Of course, each
(i)
π
is required to mix the BF and (2, 1) field sectors in order to produce cross-
interactions. In agreement with (221), equation (218) is equivalent to
γ
(0)
π = ∂µ
(0)
m
µ
0 , (222)
γ
(1)
π = ∂µ
(1)
m
µ
0 , (223)
γ
(2)
π = ∂µ
(2)
m
µ
0 . (224)
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Using definitions (45)–(47) and an integration by parts it is possible to show
that
γ
(0)
π = ∂µ
(0)
m
µ
0 −

∂µ ∂
(0)
π
∂tµ(ν|α)

Sνα +

2∂µ ∂
(0)
π
∂tαβ|µ
− ∂µ
∂
(0)
π
∂tµ[α|β]

Aαβ
+

∂[µ ∂
(0)
π
∂Hν]

Cµν −

∂µ ∂
(0)
π
∂Vµ

 η +

∂[µ ∂
(0)
π
∂Bνρ]

 ηµνρ
−2

∂µ ∂
(0)
π
∂φµν

Cν +

∂[µ ∂
(0)
π
∂Kνρλ]

Gµνρλ. (225)
From (225) we observe that
(0)
π is solution to (222) if and only if the following
conditions are satisfied simultaneously
∂µ
∂
(0)
π
∂tµ(ν|α)
= 0, ∂µ
∂
(0)
π
∂tαβ|µ
= 0, ∂[µ
∂
(0)
π
∂Hν]
= 0, (226)
∂µ
∂
(0)
π
∂Vµ
= 0, ∂[µ
∂
(0)
π
∂Bνρ]
= 0, ∂µ
∂
(0)
π
∂φµν
= 0, ∂[µ
∂
(0)
π
∂Kνρλ]
= 0. (227)
Because
(0)
π is derivative-free, the solutions to equations (226)–(227) read as
∂
(0)
π
∂tµν|α
= τµν|α,
∂
(0)
π
∂Hµ
= hµ,
∂
(0)
π
∂Vµ
= vµ, (228)
∂
(0)
π
∂Bµν
= bµν ,
∂
(0)
π
∂φµν
= fµν ,
∂
(0)
π
∂Kµνρ
= kµνρ, (229)
where τµν|α, hµ, v
µ, bµν , fµν , and kµνρ are some real, constant tensors. In
addition, τµν|α display the same mixed symmetry properties like the tensor
field tµν|α and bµν , fµν , and kµνρ are completely antisymmetric. Because there
are no such constant tensors in D = 5, we conclude that (226)–(227) possess
only the trivial solution, which further implies that
(0)
π = 0. (230)
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Related to equation (223), we use again definitions (45)–(47) and integrate
twice by parts, obtaining
γ
(1)
π = ∂µ
(1)
m
µ
0 −

∂µ δ
(1)
π
δtµ(α|β)

Sαβ −

∂µ δ
(1)
π
δtµ[α|β]
− 2∂µ
δ
(1)
π
δtαβ|µ

Aαβ
+

∂[µ δ
(1)
π
δHν]

Cµν −

∂µ δ
(1)
π
δVµ

 η +

∂[µ δ
(1)
π
δBνρ]

 ηµνρ
−2

∂µ δ
(1)
π
δφµν

Cν +

∂[µ δ
(1)
π
δKνρλ]

Gµνρλ. (231)
Inspecting (231), we observe that
(1)
π satisfies equation (223) if and only if
the following relations take place simultaneously
∂µ
δ
(1)
π
δtµ(α|β)
= 0, ∂µ
δ
(1)
π
δtαβ|µ
= 0, ∂[µ
δ
(1)
π
δHν]
= 0, (232)
∂µ
δ
(1)
π
δVµ
= 0, ∂[µ
δ
(1)
π
δBνρ]
= 0, ∂µ
δ
(1)
π
δφµν
= 0, ∂[µ
δ
(1)
π
δKνρλ]
= 0. (233)
The solutions to equations (232)–(233) are expressed by
δ
(1)
π
δtµ(α|β)
= ∂νs
µναβ,
δ
(1)
π
δtαβ|µ
= ∂ντ
αβµν , (234)
δ
(1)
π
δHµ
= ∂µh,
δ
(1)
π
δVµ
= ∂νv
µν ,
δ
(1)
π
δBµν
= ∂[µbν], (235)
δ
(1)
π
δφµν
= ∂ρf
µνρ,
δ
(1)
π
δKµνρ
= ∂[µkνρ], (236)
where the quantities sµναβ , ταβµν , h, vµν , bµ, f
µνρ, and kµν are some tensors
depending at most on the undifferentiated fields Φα0 from (2). In addition,
they display the symmetry/antisymmetry properties
sµναβ = −sνµαβ = sµνβα, (237)
45
ταβµν = −τβαµν = −ταβνµ, (238)
τ [αβµ]ν = 0, (239)
and vµν , fµνρ, and kµν are completely antisymmetric. Because both tensors
sµναβ and ταβµν are derivative-free, their are related through
sµναβ = τµ(αβ)ν . (240)
Using successively properties (237)–(239) and formula (240), it can be shown
that ταβµν is completely antisymmetric. This last property together with
(239) leads to
ταβµν = 0,
which replaced in the latter equality from (234) produces
δ
(1)
π
δtαβ|µ
= 0.
This means that the entire dependence of
(1)
π on tαβ|µ is trivial (reduces to
a full divergence), and therefore
(1)
π can at most describe self-interactions in
the BF sector. Since there is no nontrivial solution to (223) that mixes the
BF and (2, 1) field sectors, we can safely take
(1)
π = 0. (241)
In the end of this section we analyze equation (224). Taking one more
time into account definitions (45)–(47), it is easy to see that (224) implies
that the EL derivatives of
(2)
π are subject to the equations
∂µ
δ
(2)
π
δtµ(α|β)
= 0, ∂µ
δ
(2)
π
δtαβ|µ
= 0, (242)
∂[µ
δ
(2)
π
δHν]
= 0, ∂µ
δ
(2)
π
δVµ
= 0, ∂[µ
δ
(2)
π
δBνρ]
= 0, (243)
∂µ
δ
(2)
π
δφµν
= 0, ∂[µ
δ
(2)
π
δKνρλ]
= 0. (244)
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Because
(2)
π (and also its EL derivatives) contains two spacetime derivatives,
the solution to both equations from (242) is of the type
δ
(2)
π
δtµν|α
= ∂ρ∂β τ¯
µνρ|αβ , (245)
where τ¯µνρ|αβ depends only on the undifferentiated fields Φα0 and exhibits
the mixed symmetry (3, 2). This means that τ¯µνρ|αβ is simultaneously anti-
symmetric in its first three and respectively last two indices and satisfies the
identity τ¯ [µνρ|α]β = 0. The solutions to the remaining equations, (243) and
(247), can be represented as
δ
(2)
π
δHµ
= ∂µh¯,
δ
(2)
π
δVµ
= ∂ν v¯
µν ,
δ
(2)
π
δBµν
= ∂[µb¯ν], (246)
δ
(2)
π
δφµν
= ∂ρf¯
µνρ,
δ
(2)
π
δKµνρ
= ∂[µk¯νρ], (247)
where the functions v¯µν , f¯µνρ, and k¯µν are completely antisymmetric and
contain a single spacetime derivative.
Let N be a derivation in the algebra of the fields tµν|α, H
µ, Vµ, B
µν , φµν ,
Kµνρ, and of their derivatives, which counts the powers of these fields and of
their derivatives
N =
∑
n≥0
((
∂µ1···µntµν|α
) ∂
∂
(
∂µ1···µntµν|α
) + (∂µ1···µnHµ) ∂∂ (∂µ1···µnHµ)
+ (∂µ1···µnVµ)
∂
∂ (∂µ1···µnVµ)
+ (∂µ1···µnB
µν)
∂
∂ (∂µ1···µnB
µν)
+ (∂µ1···µnφµν)
∂
∂ (∂µ1···µnφµν)
+ (∂µ1···µnK
µνρ)
∂
∂ (∂µ1···µnK
µνρ)
)
.(248)
We emphasize that N does not ‘see’ either the scalar field ϕ or its spacetime
derivatives. It is easy to check that for every nonintegrated density Ψ we
have
NΨ =
δΨ
δtµν|α
tµν|α +
δΨ
δHµ
Hµ +
δΨ
δVµ
Vµ +
δΨ
δBµν
Bµν
+
δΨ
δφµν
φµν +
δΨ
δKµνρ
Kµνρ + ∂µs
µ. (249)
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If Ψ(n) is a homogeneous polynomial of degree n in the fields tµν|α, H
µ, Vµ,
Bµν , φµν , K
µνρ and their derivatives (such a polynomial may depend also
on ϕ and its spacetime derivatives, but the homogeneity does not take them
into consideration since Ψ is allowed to be a series in ϕ), then
NΨ(n) = nΨ(n).
Based on results (245)–(247), we can write
N
(2)
π = −1
3
τ¯µνρ|αβRµνρ|αβ − h¯∂µH
µ + 1
2
v¯µν∂[µVν] + 2b¯µ∂νB
µν
−1
3
f¯µνρ∂[µφνρ] − 3k¯µν∂ρK
µνρ + ∂µm
µ. (250)
We decompose
(2)
π along the degree n as
(2)
π =
∑
n≥2
(2)
π
(n)
, (251)
where N
(2)
π
(n)
= n
(2)
π
(n)
(n ≥ 2 in (251) because
(2)
π , and hence every
(2)
π
(n)
, is
assumed to describe cross-interactions between the BF model and the tensor
field with the mixed symmetry (2, 1)), and find that
N
(2)
π =
∑
n≥2
n
(2)
π
(n)
. (252)
Comparing (252) with (250), it follows that decomposition (251) induces a
similar one with respect to each function τ¯µνρ|αβ , h¯, v¯µν , b¯µ, f¯
µνρ, and k¯µν
τ¯µνρ|αβ =
∑
n≥2
τ¯
µνρ|αβ
(n−1) , h¯ =
∑
n≥2
h¯(n−1), v¯
µν =
∑
n≥2
v¯µν(n−1), (253)
b¯µ =
∑
n≥2
b¯µ(n−1), f¯
µνρ =
∑
n≥2
f¯µνρ(n−1), k¯
µν =
∑
n≥2
k¯µν(n−1). (254)
Inserting (253) and (254) in (250) and comparing the resulting expression
with (252), we get
(2)
π
(n)
= − 1
3n
τ¯
µνρ|αβ
(n−1) Rµνρ|αβ −
1
n
h¯(n−1)∂µH
µ + 1
2n
v¯µν(n−1)∂[µVν]
+ 2
n
b¯µ(n−1)∂
νBµν −
1
3n
f¯µνρ(n−1)∂[µφνρ] −
3
n
k¯µν(n−1)∂
ρKµνρ + ∂µm
µ
(n).(255)
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Replacing the last result, (255), into (251), we further obtain
(2)
π = −1
3
τˆµνρ|αβRµνρ|αβ − hˆ∂µH
µ + 1
2
vˆµν∂[µVν] + 2bˆµ∂νB
µν
−1
3
fˆµνρ∂[µφνρ] − 3kˆµν∂ρK
µνρ + ∂µmˆ
µ, (256)
where
τˆµνρ|αβ =
∑
n≥2
1
n
τ¯
µνρ|αβ
(n−1) , hˆ =
∑
n≥2
1
n
h¯(n−1), vˆ
µν =
∑
n≥2
1
n
v¯µν(n−1), (257)
bˆµ =
∑
n≥2
1
n
b¯µ(n−1), fˆ
µνρ =
∑
n≥2
1
n
f¯µνρ(n−1), kˆ
µν =
∑
n≥2
1
n
k¯µν(n−1). (258)
So far, we showed that the solution to (224) can be put in the form (256).
By means of definitions (36)–(37), we can bring (256) to the expression
(2)
π = −1
3
τˆµνρ|αβRµνρ|αβ + ∂µmˆ
µ
+δ
(
−ϕ∗hˆ−B∗µν vˆ
µν − 2V ∗µ bˆ
µ +K∗µνρfˆ
µνρ − 3φ∗µν kˆµν
)
. (259)
The δ-exact modulo d terms in the right-hand side of (259) produce purely
trivial interactions, which can be eliminated via field redefinitions. This is
due to the isomorphism H i (s|d) ≃ H i (γ|d,H0 (δ)) in all positive values of
the ghost number and respectively of the pure ghost number [42], which at
i = 0 allows one to state that any solution of equation (224) that is δ-exact
modulo d is in fact a trivial cocycle from H0 (s|d). In conclusion, the only
nontrivial solution to (224) can be written as
(2)
π = −1
3
τˆµνρ|αβRµνρ|αβ , (260)
where τˆµνρ|αβ displays the mixed symmetry (3, 2), is derivative-free, and is
required to depend at least on one field from the BF sector. But Rµνρ|αβ
already contains two spacetime derivatives, so such a
(2)
π disagrees with the
hypothesis on the differential order of the interacting field equations (see also
the discussion following formula (219)), which means that we must set
(2)
π = 0. (261)
Substituting results (230), (241), and (261) into decomposition (221), we
obtain
a¯′′int0 = 0, (262)
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which combined with (220) proves that indeed there is no nontrivial solu-
tion to the ‘homogeneous’ equation (119) that complies with all the working
hypotheses
a¯int0 = 0. (263)
E Notations from section 6
In this Appendix we list the concrete form of the various notations made in
section 6.
The polynomials denoted by X¯
(i)
p that enter ∆¯int given in (137) read as
X¯
(1)
0 = 6S
∗ηC + 12t∗µ (VµC + ηCµ) + 6
(
2B∗µνC + V[µCν] − φµνη
)
F µν
−2
(
2η∗µνρC + 2B
∗
[µνCρ] − 3K
∗
µνρη − φ[µνVρ]
)
D˜λσε
µνρλσ, (264)
X¯
(1)
1 =
[(
−2C∗µνρη − 2C
∗
[µνVρ] − 4H
∗
[µB
∗
νρ]
)
C
+
(
−2H∗[µVνCρ] + 2H
∗
[µφνρ]η
)
+ 2C∗[µνCρ]η
]
D˜λσε
µνρλσ
−12H∗µt
∗µηC + 6
(
H∗[µVν]C + 2H
∗
µηCν + C
∗
µνηC
)
F µν , (265)
X¯
(1)
2 =
[(
−2H∗[µC
∗
νρ]η − 2H
∗
[µH
∗
νVρ]
)
C
+2H∗[µH
∗
νCρ]η
]
D˜λσε
µνρλσ + 6H∗µH
∗
νηCF
µν , (266)
X¯
(1)
3 = 4H
∗
µH
∗
νH
∗
ρηCD
µνρ, (267)
X¯
(2)
0 = −12 · 5!
(
S∗η + 2t∗µVµ + 2B
∗
µνF
µν
)
G˜ − 4 · 5!η∗µνρD˜λσG
µνρλσ
+4! · 4!t∗µηG˜µ − 4! · 4!B
∗
µνD˜ρλG
µνρλ + 6 · 4! (φ∗µνη
−KµνρVρ) D˜µν − 3 · 4!
(
K˜µνη − 4V[µG˜ν]
)
F µν , (268)
X¯
(2)
1 = −4 · 5!
(
C∗µνρη + C
∗
[µνVρ] + 2H
∗
[µB
∗
νρ]
)
D˜λσG
µνρλσ
−12 · 5!
(
C∗µνF
µνη − 2H∗µt
∗µη +H∗[µVν]F
µν
)
G˜ − 12 · 4!H∗[µG˜ν]ηF
µν
−12 · 4!
(
C∗µνη +H
∗
[µVν]
)
D˜ρλG
µνρλ − 6 · 4!H∗µK
µνρηD˜νρ, (269)
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X¯
(2)
2 = −4 · 5!
(
H∗[µC
∗
νρ]η +H
∗
[µH
∗
νVρ]
)
D˜λσG
µνρλσ
−12 · 4!H∗µH
∗
νηD˜ρλG
µνρλ − 12 · 5!H∗µH
∗
νηF
µνG˜, (270)
X¯
(2)
3 = −4 · 5!H
∗
µH
∗
νH
∗
ρηD˜λσG
µνρλσ, (271)
X¯
(3)
0 = −6 · 5!S
∗η˜ + 12 · 4!t∗µη˜
µ + 4!BµνD˜µν − 36η˜µνF
µν , (272)
X¯
(3)
1 = 2 · 5!C
∗
µνρD˜λση
µνρλσ + 6 · 5!
(
2H∗µt
∗µ − C∗µνF
µν
)
η˜
+6 · 4!C∗µνD˜ρλη
µνρλ + 3 · 4!H∗µD˜νρη
µνρ + 6 · 4!H∗[µη˜ν]F
µν ,(273)
X¯
(3)
2 = 2 · 5!H
∗
[µC
∗
νρ]D˜λση
µνρλσ + 6 · 4!H∗µH
∗
ν
(
D˜ρλη
µνρλ − 5F µν η˜
)
, (274)
X¯
(3)
3 = 2 · 5!H
∗
µH
∗
νH
∗
ρD˜λση
µνρλσ. (275)
The functions appearing in (146) and denoted by U
(i)
p are of the form
U
(1)
0 = −9
(
2k1φ
µν − k2
10
K˜µν
) (
2B∗µνC + V[µCν] − φµνη
)
, (276)
U
(1)
1 = −9
(
k1φ
µν − k2
20
K˜µν
) [
C∗µνηC −H
∗
µ (VνC + ηCν)
]
, (277)
U
(1)
2 = −9
(
k1φ
µν − k2
20
K˜µν
)
H∗µH
∗
νηC, (278)
U
(2)
0 = 108
(
k1φ
µν − k2
20
K˜µν
)(
40B∗µνG˜ + ηK˜µν − 8VµG˜ν
)
, (279)
U
(2)
1 = 18ε
αβγδε
(
C∗µνη +H
∗
[µVν]
) (
k1φ
µν − k2
20
K˜µν
)
Gαβγδε
−36εραβγδH
∗
µ
(
k1φ
µρ − k2
20
K˜µρ
)
ηGαβγδ, (280)
U
(2)
2 = 18εαβγδε
(
k1φ
µν − k2
20
K˜µν
)
H∗µH
∗
νηG
αβγδε, (281)
U
(3)
0 = 9ενραβγ
(
k1φ
νρ − k2
20
K˜νρ
)
ηαβγ , (282)
U
(3)
1 =
9
4
εαβγδεC
∗
µν
(
k1φ
µν − k2
20
K˜µν
)
ηαβγδε
−18ερβγδεH
∗
µ
(
k1φ
µρ − k2
20
K˜µρ
)
ηβγδε, (283)
U
(3)
2 = 9εαβγδεH
∗
µH
∗
ν
(
k1φ
µν − k2
20
K˜µν
)
ηαβγδε. (284)
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F Deformed gauge structure
If we denote by Ωα11 and Ω
α1
2 two independent sets of gauge parameters,
Ωα11 ≡
(
ǫ(1)µν , ǫ(1), ǫ(1)µνρ, ξ(1)µ , ξ
(1)µνρλ, θ(1)µν , χ
(1)
µν
)
, (285)
Ωα12 ≡
(
ǫ(2)µν , ǫ(2), ǫ(2)µνρ, ξ(2)µ , ξ
(2)µνρλ, θ(2)µν , χ
(2)
µν
)
, (286)
then the concrete form of the commutators among the deformed gauge trans-
formations of the fields associated with (285) and (286) (and generically writ-
ten as in (162)) read as [
δ¯Ω1 , δ¯Ω2
]
ϕ = 0, (287)
[
δ¯Ω1, δ¯Ω2
]
Hµ = δ¯ΩH
µ − 2
δSL
δHν
dǫµν
dϕ
− 3
δSL
δBνρ
dǫµνρ
dϕ
+2
δSL
δφµν
dξν
dϕ
− 4
δSL
δKνρλ
dξµνρλ
dϕ
, (288)
[
δ¯Ω1 , δ¯Ω2
]
Vµ = δ¯ΩVµ, (289)
[
δ¯Ω1 , δ¯Ω2
]
Bµν = δ¯ΩB
µν + 3
δSL
δHρ
dǫµνρ
dϕ
, (290)
[
δ¯Ω1, δ¯Ω2
]
φµν = δ¯Ωφµν −
δSL
δH [µ
dξν]
dϕ
, (291)
[
δ¯Ω1 , δ¯Ω2
]
Kµνρ = δ¯ΩK
µνρ − 4
δSL
δHλ
dξµνρλ
dϕ
, (292)
[
δ¯Ω1, δ¯Ω2
]
tµν|α = 0. (293)
The gauge parameters from the right-hand side of the above formulas are
defined through
Ωα1 =
(
ǫµν , ǫ = 0, ǫµνρ, ξµ, ξ
µνρλ, θµν = 0, χµν = 0
)
, (294)
where
ǫµν = λ
{
−
dW1
dϕ
(
ǫ(1)ǫ(2)µν − ǫ(2)ǫ(1)µν
)
+6
dW3
dϕ
[
φρλ
(
ǫ(1)ξ(2)µνρλ − ǫ(2)ξ(1)µνρλ
)
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+1
2
Kµνρ
(
ǫ(1)ξ(2)ρ − ǫ
(2)ξ(1)ρ
)
− 2Vρ
(
ξ
(1)
λ ξ
(2)µνρλ − ξ
(2)
λ ξ
(1)µνρλ
)]
−3
dW2
dϕ
(
ξ(1)ρ ǫ
(2)µνρ − ξ(2)ρ ǫ
(1)µνρ
)
+3
dW6
dϕ
εραβγδ
(
ǫ(1)µνρξ(2)αβγδ − ǫ(2)µνρξ(1)αβγδ
)
+6
dW4
dϕ
[
εραβγδK
µνρ
(
ǫ(1)ξ(2)αβγδ − ǫ(2)ξ(1)αβγδ
)
+1
6
εµνρλσελαβγδεσα′β′γ′δ′Vρξ
(1)αβγδξ(2)α
′β′γ′δ′
]
−1
2
εµνρλσ
dW5
dϕ
[
φρλ
(
ǫ(1)ξ(2)σ − ǫ
(2)ξ(1)σ
)
− 2Vρξ
(1)
λ ξ
(2)
σ
]}
, (295)
ǫµνρ = −8λ
[
W3
(
ξ
(1)
λ ξ
(2)µνρλ − ξ
(2)
λ ξ
(1)µνρλ
)
− 1
12
εµνρλσ
(
W4ελαβγδεσα′β′γ′δ′ξ
(1)αβγδξ(2)α
′β′γ′δ′
+W5ξ
(1)
λ ξ
(2)
σ
)]
, (296)
ξµ = −3λ
[
W3
(
ǫ(1)ξ(2)µ − ǫ
(2)ξ(1)µ
)
+2W4εµνρλσ
(
ǫ(1)ξ(2)νρλσ − ǫ(2)ξ(1)νρλσ
)]
, (297)
ξµνρλ = 3λ
[
W3
(
ǫ(1)ξ(2)µνρλ − ǫ(2)ξ(1)µνρλ
)
− 1
12
W4ε
µνρλσ
(
ǫ(1)ξ(2)σ − ǫ
(2)ξ(1)σ
)]
. (298)
In addition, we made the notations
θ(i) = σαβθ
(i)αβ , i = 1, 2. (299)
Related to the first-order reducibility, the transformations (163) are given
by
ǫµν
(
Ω¯
)
= −3Dρǫ¯
µνρ − λ
dW2
dϕ
(
Bµν ξ¯ − 6φρλǫ¯
µνρλ
)
+3λ
dW3
dϕ
Vρ
(
Kµνρξ¯ − 10φλσ ξ¯
µνρλσ
)
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−6λεαβγδε
dW4
dϕ
KµνρVρξ¯
αβγδε − λ
2
εµνρλσ
dW5
dϕ
Vρφλσ ξ¯
+λ
dW6
dϕ
(
εαβγδεB
µν ξ¯αβγδε + 3Kµνρεραβγδ ǫ¯
αβγδ
)
, (300)
ǫ
(
Ω¯
)
= 2λ
(
W2ξ¯ − εαβγδεW6ξ¯
αβγδε
)
, (301)
ǫµνρ
(
Ω¯
)
= 4∂λǫ¯
µνρλ + 2λW1ǫ¯
µνρ − 20λW3φλσ ξ¯
µνρλσ
+2λKµνρ
(
W3ξ¯ − 2εαβγδεW4ξ¯
αβγδε
)
−λ
3
εµνρλσW5φλσ ξ¯, (302)
ξµ
(
Ω¯
)
= D(−)µ ξ¯ + 6λεαβγδεW4Vµξ¯
αβγδε − 3λεµνρλσW6ǫ¯
νρλσ, (303)
ξµνρλ
(
Ω¯
)
= −5D(+)σ ξ¯
µνρλσ + 3λW2ǫ¯
µνρλ − λ
4
εµνρλσW5Vσξ¯, (304)
θµν
(
Ω¯
)
= 3∂(µθ¯ν) + λσµν
(
k1ξ¯ +
k2
5!
εαβγδεξ¯
αβγδε
)
, (305)
χµν
(
Ω¯
)
= ∂[µθ¯ν], (306)
while the first-order reducibility relations (164) read as
δ¯Ω(Ω¯)ϕ = 0, (307)
δ¯Ω(Ω¯)H
µ = λ
δSL
δHν
{
6Vρ
[
d2W1
dϕ2
ǫ¯µνρ −
d2W3
dϕ2
(
10φλσξ¯
µνρλσ −Kµνρξ¯
)
−2εαβγδε
d2W4
dϕ2
Kµνρξ¯αβγδε − 1
6
εµνρλσ
d2W5
dϕ2
φλσξ¯
]
+2
d2W6
dϕ2
(
3εραβγδK
µνρǫ¯αβγδ + εαβγδεB
µν ξ¯αβγδε
)
+2
d2W2
dϕ2
(
6φρλǫ¯
µνρλ −Bµν ξ¯
)}
+6λ
δSL
δBνρ
[
dW1
dϕ
ǫ¯µνρ −
dW3
dϕ
(
10φλσ ξ¯
µνρλσ −Kµνρξ¯
)
−2εαβγδε
dW4
dϕ
Kµνρξ¯αβγδε − 1
6
εµνρλσ
dW5
dϕ
φλσξ¯
]
−2λ
δSL
δVµ
(
dW2
dϕ
ξ¯ − εαβγδε
dW6
dϕ
ξ¯αβγδε
)
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+λ
δSL
δKνρλ
[
−Vσ
(
60
dW3
dϕ
ξ¯µνρλσ + εµνρλσ
dW5
dϕ
ξ¯
)
+12
dW2
dϕ
ǫ¯µνρλ
]
++6λ
δSL
δφµν
[
εναβγδ
dW6
dϕ
ǫ¯αβγδ
+Vν
(
dW3
dϕ
ξ¯ − 2εαβγδε
dW4
dϕ
ξ¯αβγδε
)]
, (308)
δ¯Ω(Ω¯)Vµ = 2λ
δSL
δHµ
(
dW2
dϕ
ξ¯ − εαβγδε
dW6
dϕ
ξ¯αβγδε
)
, (309)
δ¯Ω(Ω¯)B
µν = 6λ
δSL
δHρ
[
−
dW1
dϕ
ǫ¯µνρ + 10
dW3
dϕ
φλσ ξ¯
µνρλσ
−Kµνρ
(
dW3
dϕ
ξ¯ − 2
dW4
dϕ
εαβγδεξ¯
αβγδε
)
+ 1
6
εµνρλσ
dW5
dϕ
φλσ ξ¯
]
+λ
δSL
δKρλσ
(
60W3ξ¯
µνρλσ + εµνρλσW5ξ¯
)
+6λ
δSL
δφµν
(
W3ξ¯ − 2εαβγδεW4ξ¯
αβγδε
)
, (310)
δ¯Ω(Ω¯)φµν = −3λ
δSL
δH [µ
Vν]
(
dW3
dϕ
ξ¯ − 2εαβγδε
dW4
dϕ
ξ¯αβγδε
)
−6λ
δSL
δBµν
(
W3ξ¯ − 2εαβγδεW4ξ¯
αβγδε
)
−3λ
dW6
dϕ
δSL
δH [µ
εν]αβγδ ǫ¯
αβγδ, (311)
δ¯Ω(Ω¯)K
µνρ = λ
δSL
δHλ
[
−Vσ
(
60
dW3
dϕ
ξ¯µνρλσ + εµνρλσ
dW5
dϕ
ξ¯
)
+12
dW2
dϕ
ǫ¯µνρλ
]
− λ
δSL
δBλσ
(
60W3ξ¯
µνρλσ + εµνρλσW5ξ¯
)
,(312)
δ¯Ω(Ω¯)tµν|α = 0. (313)
Regarding the second-order reducibility, the transformations (165) take
the concrete form
ǫ¯µνρ
(
Ωˇ
)
= 4Dλǫˇ
µνρλ − λ
(
10
dW2
dϕ
φλσ ǫˇ
µνρλσ + εαβγδε
dW6
dϕ
Kµνρǫˇαβγδε
)
,
(314)
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ǫ¯µνρλ
(
Ωˇ
)
= −5∂σ ǫˇ
µνρλσ − 2λW1ǫˇ
µνρλ, ξ¯
(
Ωˇ
)
= −3λεαβγδεW6ǫˇ
αβγδε,
(315)
ξ¯µνρλσ
(
Ωˇ
)
= −3λW2ǫˇ
µνρλσ, θ¯µ
(
Ωˇ
)
= 0, (316)
such that the second-order reducibility relations (166) become
ǫµν
(
Ω¯
(
Ωˇ
))
= 3λ
δSL
δHρ
(
4
d2W1
dϕ2
Vλǫˇ
µνρλ + 10
d2W2
dϕ2
φλσǫˇ
µνρλσ
+εαβγδε
d2W6
dϕ2
Kµνρǫˇαβγδε
)
+ 12λ
dW1
dϕ
δSL
δBρλ
ǫˇµνρλ
+30λ
dW2
dϕ
δSL
δKρλσ
ǫˇµνρλσ − 3λεαβγδε
dW6
dϕ
δSL
δφµν
ǫˇαβγδε,(317)
ǫ
(
Ω¯
(
Ωˇ
))
= 0, (318)
ǫµνρ
(
Ω¯
(
Ωˇ
))
= −8λ
dW1
dϕ
δSL
δHλ
ǫˇµνρλ, (319)
ξµ
(
Ω¯
(
Ωˇ
))
= −3λεαβγδε
dW6
dϕ
δSL
δHµ
ǫˇαβγδε, (320)
ξµνρλ
(
Ω¯
(
Ωˇ
))
= 15λ
dW2
dϕ
δSL
δHσ
ǫˇµνρλσ, (321)
θµν
(
Ω¯
(
Ωˇ
))
= 0, χµν
(
Ω¯
(
Ωˇ
))
= 0. (322)
Finally, we investigate the third-order reducibility, for which the trans-
formations (167) can be written as
ǫˇµνρλ
(
Ωˆ
)
= −5Dσ ǫˆ
µνρλσ, ǫˇµνρλσ
(
Ωˆ
)
= 2λW1ǫˆ
µνρλσ, (323)
while that the third-order reducibility relations (168) are listed below
ǫ¯µνρ
(
Ωˇ
(
Ωˆ
))
= 20λ
(
δSL
δHλ
d2W1
dϕ2
Vσ +
δSL
δBλσ
dW1
dϕ
)
ǫˆµνρλσ, (324)
ǫ¯µνρλ
(
Ωˇ
(
Ωˆ
))
= −10λ
δSL
δHσ
dW1
dϕ
ǫˆµνρλσ, (325)
ξ¯
(
Ωˇ
(
Ωˆ
))
= 0, ξ¯µνρλσ
(
Ωˇ
(
Ωˆ
))
= 0, θ¯µ
(
Ωˇ
(
Ωˆ
))
= 0. (326)
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